THE APPROXIMATE DETERMINATION OF THE FORM 
OF MACLAURIN’S SPHEROID* 


BY 
GEORGE HOWARD DARWIN 


Preface. 


Spherical harmonies render the approximate determination of the figure of a 
rotating mass of liquid a very simple problem. If p be the density, e the ellip- 
ticity, and w the angular velocity of the spheroid, the solution is 


This result is only correct as far as the first power of the ellipticity, but M. 


PorncarE has recently shown + how harmonic analysis may be so used as to give 


results which shall be correct as far as squares of small quantities; and I have 
myself used his method for the determination of the stability of the pear-shaped 
figure of equilibrium. 

Both these papers involved the use of ellipsoidal harmonic analysis, and it 
would be rather tiresome for a reader to extract the method from the complex 
analysis in which it is embedded. It therefore seems worth while to treat the 
well-worn subject of MacLaurtn’s spheroid as an example of the method in 
question. It will appear below that it would have been possible to obtain a 
more accurate result than that stated above, even if the rigorous solution of the 
problem had been beyond the powers of the mathematician. 

My own personal reason for undertaking this task was that I desired a sort 
of collateral verification of the very complicated analysis needed in the case of 
my previous investigation. 


§ 1. Method of defining the spheroid. 


Let a sphere S be described concentrically with the spheroid, and let it be 
sufficiently large to enclose the whole of the spheroid. I call # the region 


* Presented to the Society December 29, 1902. Received for publication December 13, 1902. 
t Philosophical Transactions of the Royal Society, vol. 198 A (1902), pp. 333-373. 
tIb., vol. 200 A, pp. 251-314. 
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between the sphere S and the spheroid; and suppose the density of the liquid 
in S to be + p, and that in 2? to be — p. 

If S: denotes any surface spherical harmonic of colatitude @ and longitude 
¢, it is usual to define the corresponding deformation of a sphere of radius a by 
the equation r = a(1+eS:). But in the present investigation it will be found 
that there is a great saving of labor by defining it by the equation 


r= a*(1+ 8eS*). 


The two forms give identical results as far as the first power of the ellipticity 
e, but not so when we are to consider the squares of small quantities. 
In general I define S* by one of the two alternative forms P*()°*sd, 


where » = cos @. But in the case of the second zonal harmonic (s = 0, i = 2) 


it is convenient to write 


The fourth zonal harmonie will occur explicitly below, and in accordance with 


the general definition to be adopted we have 


The angular velocity is to be denoted by , and the colatitude @ or cos~' yp is 
measured from the axis of rotation. 

We must now assume a general form for the equation to the spheroid, and 
shall subsequently determine the several ellipticities so that the surface may be 
a figure of equilibrium. 

The radius of S being denoted by a, we may write the equation to the sur- 


face of the spheroid in the form 
— + BeS, + 8/8, + 3D; 


In this expression e is the ellipticity corresponding to the second zonal har- 
monic, and it represents that term which exists alone in the ordinary approxi- 
mate solution. Then I suppose that f and /: are quantities of the order e”, and 
that there are f: corresponding to all possible harmonics excepting the second 
and fourth zonal ones. Thus all the /; are of order e’, excepting f, and /, 
which are zero. Lastly ¢ is an arbitrary constant, and is only subject to the con- 
dition that it is greater than the greatest positive value of eS,+ fS,+ Df! S:. 
This condition ensures that S shall envelope the whole spheroid. 

It is now convenient to replace the radius vector r by a new variable 7, 


defined by 


(1) T= 
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Thus the equation to the spheroid may be written 
T=c—eS,—fS,— 


The problem will be solved by making the energy of the system stationary. 
It will therefore be necessary to determine the energy lost in the concentration 
of the spheroid from a condition of infinite dispersion. This will involve the 
use of the formula for the gravity of S, and since the whole region 7 is inside 
S, we only require the formula for internal gravity. 

If we were to continue the developments from this point all the formule 
would involve the constant c. But since it is merely needed for defining a 
sphere of reference of arbitrary size, it cannot finally appear in the formula for 
the energy. It is useless to encumber the analysis by the introduction of a con- 
stant which must disappear in the end, and it is legitimate and much shorter to 
treat c as zero from the first. It is however easier to maintain a clear concep- 
tion of the processes if we continue to discuss the problem as though c were not 
zero, and as if S enveloped the whole spheroid. With this explanation we may 
write the equation to the spheroid in the form 


(2) t= —eS,—fS,— DSi 
§ 2. The lost energy of the system. 


If the negative density in 2 were transported along conical tubes emanating 
from the center of S, it might be deposited as surface density on S; I refer 
to such a condensation as — C’. I do not, however, suppose the condensation 
actually effected, but I imagine the surface of S to be coated with equal and 
opposite condensations + C and — C. 

The system of masses forming the spheroid may then be considered as being 
as follows: 

Density + p throughout S, say + S. 

Negative condensation on S, say — C. 

Positive condensation on S and negative volume density — p throughout ?2. 
This last forms a double system of zero mass, say J), and D= C— Vf. 

The lost energy of the system clearly involves the lost energy of each of these 
three with itself, and the mutual lost energy of the three taken two and two 
together. Thus the lost energy may be written symbolically 


SC+ SD— CD. 
Since D is C — RP, the last three terms are equivalent to 


SR+ CR-CC. 
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Thus the gravitational lost energy is 


19S — SR+CR—40C+4DD. 


The lost energy of the system, as rendered statical by the imposition of a 
rotation potential, is clearly } Aw’, where A is the moment of inertia of the 
spheroid about the axis of rotation. 

If A, denotes the moment of inertia of the sphere S, and A, the moment of 
inertia of the region /? considered as being filled with positive density + p, we 
clearly have 

A=4A,—A,. 
Thus if # denotes the lost energy of the system as rendered statical by the 
imposition of a rotation potential 


(3) CR—}3}0C+4DD + 30*(A,—A,). 
§3. The energy }SS— SR+ CR —3CC. 
It is in the first place necessary to obtain certain preliminary analytical and 
numerical results. 
If we write do for dud®@, it is clear that an element dv of volume is given by 


dv = = drde, 
where / is the mass of the sphere S. 
When we integrate throughout the region /? the limits of r are — eS, — fS, 
— to zero. 


I now define certain integrals, viz: 


3 a Ye \2 3 \o 
| (Side, in ( S, Side. 
It is well known that 


"2 (i+s)! 


and since in every case, excepting that of S,, S: = P:() S%sd, we have 


3 (i+s)! 
(i—s)! 


Since S,= —2P,(m), the value of ¢, is derivable from the same general 
formula. Hence we have 


(4) $,=8, 


| 
| 
| 
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Since S* involves either cos sf or sin sf, w' vanishes unless s = 0; hence we 
need only consider @,. 
The function ( S,)? may be expanded in terms of zonal harmonics. Assume 
then 
(S,)° = 


Multiplying both sides by 3,S,/47, and integrating throughout angular space, 
we find 
o,=7,¢, and (S,)?= 


But, by actual substitution, 


Therefore 
4 4 @ 8 


(4) $45’ 21° 


and all the higher o’s vanish. 
It will be noticed that o, = ¢,, hence we have ,/¢,= }¢,. Also 


: 4 16 8 


The equation to the spheroid possesses a certain property which permits us to 
effect a great saving in the subsequent work. If & be any arbitrary number it 
is clear that to the order of squares of small quantities we may write the equa- 
tion to the spheroid in the form 


T= —(e + ke)S,— f8,— 


since we have only imported a new term of the order ¢®. Now when & is zero 
the energy will be found to involve terms in e’, ef, f°, If then 
we write e + ke® for e, as is clearly permissible, the term in e’ will give rise to 
a term in 2/e*. Hence it follows that the term in e* in the energy is really 
indeterminate, and that the retention of it would give rise to a fictitious 
accuracy. It is therefore permissible to omit the term in e‘, while retaining 
other terms of the fourth order. Again the moment of inertia will involve 
terms in e, e’, e*, ef, and the same argument shows that the retention of the 
term in ¢* would give rise to a fictitious accuracy.* 
It is now necessary to determine the volume of the region ?; it is 


@f [Tes, +f8,+ DS; S;]do=0. 


*If the coefficient of the terms in e? and e were zero, the term in e* would not be fictitious. 
This was the case in discussing the pear-shaped figure of equilibrium. 


| 

S,) = — AS, + 

| 


a 
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From this it follows that the mass of S is equal to that of the spheroid, and 
therefore J/ is the mass of the spheroid. It is this result which makes the 
choice of 7 as independent variable so convenient. 

We are now in a position to determine the several contributions to the lost 
energy. 

The lost energy of the sphere, denoted by }.SS, is known to be 31/7/5a. 
This is a constant and may be omitted as being of no further interest. The 
internal potential of S is given by 


V = 37p(3a° — 


But @(1—3r), and =a (1—27—7.--). Therefore as far as 
squares of small quantities, 


M M 
V=—+—(t+}r). 
a a 


Since the volume of /2 is zero the first term of V contributes nothing to the 
lost energy S#, and the second term of V will give the whole. Therefore to 
the fourth order 


3? 


J [e*( S, + 2ef'S, S, +2 ef: S, S; S, 2 S, S; 
+ — — PS, — Sj] de 


= 9, + — Jeo, — 


Thus on rearranging the terms we have 


2 
2 


12 1,3 1,2 1 f2 2h 
We have next to consider the terms depending on the condensation C’. Since 
dv/dr = ado the amount of matter in the region /, if filled with density + p, 
which stands on an element of unit area is 


pa fa =— pa(eS, + SS, + S: ) 


This expression gives the surface density of the condensation + C, and it is 
expressed in surface harmonics. 

Now by the usual formula of spherical harmonic analysis the internal poten- 
tial of surface density paeS: is 
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As far as the first power of 7, 
“=a'(l—it), 
but in the case i = 2, as far as squares of small quantities, 


Hence it follows that the internal potential, say V_, of the condensation + C is 
given by 


3M 
V=—- ak e(1—27r—7°)S,+ /(1-—47)S, 


S; 


On multiplying this by 3Mdrdo/4a and integrating throughout 2 we shall 
obtain the lost energy CP. 
Thus 


CR= Vdrda 


9M? 


| | + 1 | [eS, + £5, 4+ 


(6) 


+43 | 268, + $ S'S, + D5; | + 2ef'S,S, 
ef: S,S: ] s,| de. 


The term in e* may be now omitted in accordance with the principle explained 
above, and therefore 


=| + + Da; +1 (Fi); 


+43 [ o, + fo, + fo, | 


CR= 


(7) 
_ 


a 
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In order to find }C’C we have only to deal with surface density. Then the 
value of V, at the surface is given by (6) with tr = 0; therefore 


3M 1 
1V.=— | + Do: 4 |. 


2a 
An element of mass of the surface density + C is 


3M 
— [eS, + fS,+ de. 


Multiplying these two together and integrating, we find 


1CC=-; 


al 


And subtracting this from (7) 


(8) a 1 
+3 Dory |. 


Again adding this to (5) we have 


M? 
ISS—SR+ CR-—1CC= | - led 


9 3 Tha 
i-1 


It remains to determine the value of the term } DD, and for this end we must 
investigate the theory of double layers, according to the ingenious method de- 
vised by M. Porncareé. 

§ 4. Double layers.* 


Let a closed surface S be intersected at every point by a member of a family 
of curves, and let « be the angle between the curve and the outward normal at 
any point. At every point of S measure along the curve an infinitesimal are 7, 
and let + be a function of the two coordinates which determine position on S. 
The extremities of these arcs define a second surface S’, and every element of 
area do of S has its corresponding element do’ on S’. Suppose that S is 
coated with surface density 6, and that S’ is coated with surface density — 6’, 
where dda = 8'do’. The system SS’ may then be called a double layer, and 
its total mass is zero. We are to discuss the potential of such a system. 

Let U, and U_ be the external and internal potentials of density 6 on S, 
and U, their common value at a point P of S. At P take a system of rec- 

* This section is contained in my paper on the Stability of the Pear-shaped Figure of Equilibrium, 


Philosophical Transactions of the Royal Society, vol. 200A (1903), pp. 251-314 but 
is reproduced here in order that the present investigation may be complete in itself. 
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tangular axes, n being along the outward normal, and s and ¢ mutually at right 


angles in the tangent plane. 
In the neighborhood of P 
dU, du, du, 
t 


dn "ds dt” 
dU_ dU_ dU_ 


In the first of these n is necessarily positive, in the second negative. 


Now dU, /ds = dU_/ds = dU/ds; and the like holds for the differentials 


with respect to ¢. 
Also by Poisson’s equation, 


dU _ dU, _ 


dn dn 


Let PP’ be one of the family of curves whereby the double layer is defined, 
and let P’ lie on S’, so that PP’ ist. By the definition of « the normal 
elevation of S’ above S is 7 cos a. 

Let v, v’ be the potentials of the double layer at P and at P’. 

The potential of S’ at P’ differs infinitely little in magnitude, but is of the 
opposite sign from that of S at P; it is therefore— U,. The point P’ lies 
on the positive side of S at a point whose coordinates may be taken to be 


n= TCOS4, $= TSsSiNa, t=0. 


Therefore the potential of S at P’ is 


o + COS ] + TsiIna@ 
dn ds 


Therefore 
dU, 
vy =TCOSa +7 sin a 
dn ds 


Again the potential of S at P is U,, and since P lies on the negative side 
of S’ and has coordinates relatively to the n, s, t axes at P’ given by 


n= —TCOS 4, s=—Tsina, t=0; 


since further the density on S’ is negative, we have 


r 


— . 
v= T COS + Tsin a 
dn ds 


Therefore 
du. 


dn dn 


| = 4778 cos 2. 


i 
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The differential with respect to n of the potential of S falls abruptly by 47rd 
as we cross S normally from the negative to the positive side; and the differ- 
ential of the potential of S’ rises abruptly by the same amount as we pass on 
across S’. It follows that dv/dn on the inside of S is continuous with its 
value on the outside of S’. 

The surface S to which this theorem is to be applied is a slightly deformed 
sphere, and the curves are radii drawn from the center of the sphere which is 
deformed. The radii are normal to the sphere, and where they meet S the 
angle « will be proportional to the deformation whereby S is derived from the 
sphere. It follows that cos « will only differ from unity by a term propor- 
tional to the square of the deformation, and as it is only necessary to retain 
terms of the order of the first power of the deformation, we may treat cos a 
as unity. 

We thus have the result 


Suppose the curve PP’ produced both ways, and that 11), J, are two points 
on it, either both on the same side or on opposite sides of the double layer. 

Let 1, VM, be equal to ¢, let € be measured in the same direction as n, and 
let & be a small quantity whose first power is to be retained in the results. 

Let v,, v, be the potential of the double layer at Jf, and MM, respect- 
ively. 

When ¢ does not cut the layer we have 


0 > dn’ 


In the application which I shall make of this result the surface S’ will actu- 
ally be inside S. Then v, will denote the potential at any point not lying in 
the infinitely small space between S and S’, and v, is the potential at a point 
more towards the inside of the sphere by a distance €; 6 is the surface density 
on the external surface S and 7 is measured inwards. If then we still choose 


to measure n outwards, as I shall do, our formula becomes 
dv 
= 477d or 0, 


according as ¢ does or does not cut the double layer. 
It may be well to remark that v being proportional to 76, dv/dn is small 


compared with 4778. It is also important to notice that the term 4776 is inde- 
pendent of the form of the surface, and that dv/dn will be the same to the first 


and when it does cut the layer 
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order of small quantities for a slightly deformed sphere as for the sphere 
itself. 

We have now to apply these results to our problem. 

The position of a point in the region # may be defined by the distance meas- 
ured inwards from the sphere S along one of the radii orthogonal to S. The 
surface of the spheroid as defined in this way is given by ¢, a function of 6 and 
¢. Any point on a radius may then be defined by se, where s is a proper frac- 
tion. If s is the same at every point the surface s is a deformed sphere; s = 1 
gives the spheroid and s = 0 the sphere S. 

If do is an element of area of S, the corresponding element on the surface s 
will be (1 — rAes)do. The value of A will be determined hereafter, and it is 
only necessary to remark that it is positive because the areas must decrease as 
we travel inwards. 

Let s and s + ds be two adjacent surfaces; then the mass of negative density 
enclosed between them in the tube of which 


(1 — res) do and [1 — re(s + ds) ]do 


are the ends is — pe(1 — res)dods. If this element of mass be regarded as 
surface density on s, that surface density is clearly — peds. If the same ele- 
ment of mass were carried along the orthogonal tube and deposited as surface 
density on S that surface density would be — pe(1 — res). The sum for all 
values of s of all such transportals would constitute the condensation — C 
already considered. 

The double system D consists of the volume density — p in 7, and the posi- 
tive condensation + Con S, the total mass being zero. 

Let z, a proper fraction, define a surface between the sphere S and the 
spheroid. Consider one of the orthogonal lines, and let V, be the potential of 
D at the point P where the line leaves S and V_ the potential at the point Q 
where it cuts z. Then I require to find V,-- V.. 

Since s denotes a surface intermediate between S and the spheroid, 
dsd( V,— V_)/ds is the excess of the potential at P above that at Q of surface 
density — peds on s and surface density + pe(1— Aes )ds on S. Such a sys- 
tem is a double layer, but there is a finite distance between the two surfaces, 
and the form of d( V,— V_)/ds will clearly be different according as z is 
greater or less than s. 

The are es may be equally divided by a large number of surfaces, and we may 
take ¢ to define any one of them. Now we may clothe each intermediate sur- 
face ¢ with equal and opposite surface densities + pe [1 — Ae(s — t) | dt. 

The density 

+ pe[1— re(s—t)] dt on t, 
together with 


4 

| 
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— pe[ 1 —rAe(s —t—dt)] dt on t+ dt, 


constitutes an infinitesimal double layer; and since the positive density on each 
t surface may be coupled with the negative density on the next interior surface, 
the finite double layer may be built up from a number of infinitesimal double 
layers. Hence dtdtd’(V, — V_)/ds dt is the excess of the potential at P above 
that at @of an infinitesimal double layer of thickness edt, and with surface 
density pe [ 1 — Ae(s — ¢) | dé on its exterior surface. 

We may now apply the result v, — v, — Sdv/dn = 4767 or 0, according as ¢ 
does or does not cut the double layer, and it is clear that 


| = [1 —re(s—t)] or 0, 


according as z is greater or less than ¢. 

In the next place, we must integrate this from t = s to t = 0, and the result 
will have two forms. 

First, suppose z > s; then for all the values of ¢t, z >t, and the first alter- 
native holds good. Therefore 


ll 4orpe? Les? 

Secondly, suppose z <s; then from ¢=s to t=2z,2<t and the second 
alternative holds, while from ¢t = z tot = 0, z>¢ and the first holds. There- 


fore 


[z — Ae( — 32”) ]. 


We have now to integrate again from s= 1 tos=0. 
From s = 1 to s =z, z <s and the second form is applicable ; from s = z to 
s=0,2z> <8 and the first form applies. 


Therefore 


lV 
= Ampe [z — rE( sz — 42? )]ds + [ [s ds 


= —z) — Ae [ — — —2z)] 
+ 


= { 2x — — ANe(z — 2° + 32°)}. 


Finally, we have to multiply — }( V,— V_) by an element of negative mass 
at the point defined by z and integrate throughout R. The physical meaning 
of this integral will be considered subsequently. 


_ 
| 
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We have already seen that such an element of mass is given by 
— pdv = — pe(1 — rez) da dz 


and the limits of integration arez = 1 toz= 0. 


Therefore 


V,)pdo | | (1 — rez) {22 — — Ae(z — 2° + 32°) }dzdo 
+ pf nex) dzde. 


In this expression we neglect terms of the order e° and note that €°z*d V/dn 


is of that order. 
Thus 


V,) pdv = mp { — he(z + 2° — 32°)] dzdo 
~1t00 
f fee, dzda (z=—1to0), 


dV. 
= mo? — re)da + de, 


the integrals being taken all over the surface of the sphere. 
We must now consider the meaning of the integral 


Let P be a point on S and Q a point on 7 on the same orthogonal 
line. 

Let —U be the potential at Q of the density — p throughout #, and —U, 
its value at P. 

Let 6 be the surface density of the positive concentration on S, W its poten- 
tial at Q, and JW, its value at P. 

The lost energy of the double system consisting of — p throughout F, and 6 
on S is 


This is equal to 


(U—W) pao — W,) 8do. 


| 

| 
| 
| 
| | 
| 
| 
| 
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Consider the triple integral 


ry 


Here dv = e(1 — Xes)dods, U, — W, is not a function of s, and the limits of 
sare 1 to zero. Therefore 


U,— W,)pde = ff | 1 — Aes | de. 


vl 
e(1 — Aes) pds 


is equal to 6 the surface density of concentration. Therefore 


Jie. — W,]8do = Lf fe U,—W,)pde. 


We may now revert to the Gaussian notation with single integral sien, and 
o 


we see that the lost energy of the system is 
W,-U,)-(Ww-U )]pde. 


But W—U is the potential of the double system at Q, and is therefore V_: 
and W,—U, is the potential of the double system at 7, and is therefore V, 
Accordingly the lost energy 


dV 


— V,)pdv = | — re*) da + Ip Je de. 
n 


§ 5. The energy 


The element of surface of the sphere was written do in § 4, but in order to 
accord with the notation used elsewhere we must now write it adc. 
The first term in }DD was 


[ — do, 


and when the notation for the element of surface is changed we may write it 


M 
f(e- ret do. 


But 
| 
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In this expression ¢ is the length measured along a radius from the sphere S 
to the spheroid. We have denoted the outward normal by x, and therefore to 
the second order of small quantities, 


—dn= —dr=a(l1 > \dr. 
The distance measured inward from the sphere to the point defined by t in 


the region 72 is, to the first order of small quantities, - x= ar. Again 


— du=af (1+ 2r)dr 


(10) 


Since — x is what was denoted es in the general investigation of § 4, we have 
dv = An)dndeo 
= + 27)drda 


But since dv = a'dzda, we have A = 2/a. 
Therefore 
+ 8,7 S, + S,) — 
ret = 2a*e*( S,)'. 
W hence 
ref = — + f( S,)° 8 (S,)? — e(S,)*]. 


This must be multiplied by }Wp/a and integrated throughout angular space. 
Then since, as before, we may omit the term in e*, this contribution to the 


energy becomes 
| 
(11) [— — 


a 
dV 
1 


in }DD remains for consideration. It will clearly be a term in e* and as such 


The second term 


might be omitted, but it is of some interest to see how it may be computed, and 
I therefore proceed. 

In order to evaluate d V/dn it suffices to imagine the volume density — p in 
the region 22 concentrated on a surface bisecting the space between S and the 


eee 127 | 
4 
{ 
] 
| 
| 
| 
| 
| 
F 
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spheroid. We may then treat the system J as an infinitesimal double layer of 
thickness }¢ and with density + C or — pa(eS,+ fS, + =f:S{) on its outer 
surface. In the present instance it suffices to consider only the leading terms 
in the density and thickness. Hence by (10) the product denoted 7é in the 
general investigation becomes 


saeS,) ( paeS, ) = 46,45, + S, + S, 
2 
We thus have 76 expanded in surface harmonics. 
Now consider two functions 
ia‘ 
V.=> 4, ist Sis for space external to S, 


(t+1)r, 
V7,=—> A, gn Sis for internal space. 

They are solid harmonies and as such satisfy LAPLACE’s equation throughout 
space. Hence they are the external and internal potentials of a distribution of 
matter on S, but since they are not continuous, while their differentials are 
continuous, that matter constitutes a double layer. 


At the surface r = a, 


But this must be equal to 4775. Hence 


w, @ A 5A 9A 
9 7 A 2 S S = S S : 
Therefore 
A,= 3 Mae? 4,3 A,= 3 A,= Mae’ 
Now 
dV dv, dV, 
dn dr 
1) ss; 
Me* 


Then since 


2.2 4,2( \2 o} Mo ad 
pea’ = pate? = + Sit S, |, 


= 
| 
| 
| 
1) Si. | 
| 


1903] THE FORM OF MACLAURIN’S SPHEROID 129 


we have (on writing a°do for the do of the general investigation of § 4) 


(w 
6 2/7 20 4 
E + 9 d, |. 


This term involves e*, and may be omitted, but, as stated above, it seemed 

worth while to show how it may be computed. 
Then adding (11) to (9) and omitting (12), we have for the whole gravitational 
lost energy 


a 


§ 6. Moment of inertia. 


Since o’ is of order e, the moment of inertia must be determined to the cubes 
of small quantities. 
We have, to the square of 7, 


3M 
2+ 5,)(1—2r7—7). 


=r sin? d= 


The region 7? is to be considered as filled with density + p, and the element 
of mass is 3Mdrdo/47. 
Hence the moment of inertia of the region 7 is 


3M 
--( S,][eS, + FS, + + 
+ S, S,+ 2 Deft S, — 


The term in e® may be omitted for the reason assigned above, and we have 


3M 
(Fr) f + + (SYS, 
ef: (S,) + do 


3M? ‘ 
[(e + + aw, + ]. 


47pa 
The moment of inertia of S is 2 Ma’. Therefore 


' 
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Then 
dopa ° 


+(e+ 36), + Cow, + Zefa, }. 
Whence 


M* 
(14) Co* = 


a 4rp [3 + 3e +e + defo, |. 


S 7. Solution of the problem. 


From (138) and (14) we have 


The conditions for a figure of equilibrium are 


> 


dE 0 dE dE 0 
de 
with w* constant. 
The last of these gives at once /: = 0, and the two others give 
2 4,2 | 26ofm + 9% —0 
ze, + @, + 5 + + dew, + 3fa, | as VU. 
(15) 
126 @, — 3.1%, 4 isp - dew, = 0. 


From the former of these as a first approximation 


c. 
4p Lo 
The second equation then gives 
SO, = 736%, + = 
Therefore 
1 f @ 4.2 
(16) J=ie¢, =e. 
' 


We see that f is of order e*, as was assumed to be the case. Now it is of 
no use to retain terms in e’ in the first of (15), because we have neglected the 


term in e‘in #. Thus the first of (15) reduces to 


> 


THE FORM OF MACLAURIN’S SPHEROID 


Whence 
4. Se — | — 
| 1+ te 2e 
or 
wo 
— — = ase [1—ge+ 3$e], 
(17) 


It follows from (16) and (17) that the equation to the surface of equilibrium is 
[1+ 3eS,+ 
(18) 

o- 


4 
and = e(1 ee). 
15 


It remains to verify that the solution (18) is correct. 

The equation to an ellipsoid of revolution, whose equatorial and polar radii 
are a, and a,(1—e,), is , 

cos* 


(1—e,) 


+ sin? 6 


If we determine r* by developing this expression as far as e*, it appears that 
the equation to the ellipsoid may be written in the form 


ai(1—e,)[1 + 8(¢, + ye?) S, + 


Since the volume of this ellipsoid is $7a}(1 —e,) and that of our spheroid of 
equilibrium was 47a’ it follows that 


a=a}(1—e,). 
If then we write 
5 


the equation to the ellipsoid of revolution becomes 
+ deS, ], 


and this is the form determined above in (18). 
If the eccentricity of the ellipsoid be denoted by sin y, we have 


cos*'y = ye’)? = 1 — 2e + 
Therefore 
cosy=1l—e+ Je’, 


sin’ y = 2e(1 — ge); 
whence 
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cos y sin’y = 2e(1 — 
cos y sin‘ y = 4e’. 


Now it is known that the rigorous solution for the angular velocity of Mac- 
LAURIN’s ellipsoid may be written in the form 


o > (2n — 1)! sin**y 


Taking the first two terms 


= sin’ y cos + 3%; sin*y cos 


= 5¢(1— fe). 


This agrees with the second of (18), and the solution is found to be correct 
as far as squares of small quantities. 

The approximate solution found above is insufficient to enable us to discuss 
the stability of the Maclaurin figure, but it may be well to indicate how a more 
accurate approximate solution would give the required result. 

Let us suppose that V is the gravitational lost energy corresponding to the 
equilibrium ellipticities e, f, f: and the angular velocity o. 

Then we are to regard V and the moment of inertia C as functions of 

e, so that e, are the solutions of the equations 


OV oC OV oc OV oc 
(19) Ce + 3@ Ce 0, cf + 2@ cf 0, of: + 2@ of: — 0. 


Now suppose that the ellipticities corresponding to any neighboring form are 
e+ de, f+ Of, f+ &:, and that V+ 6V, C+ 6C are the corresponding 
values of V and C. Conceive also that these variations from the equilibrium 
figure are made subject to constancy of the angular momentum, then it is clear 
that U, the sum of the potential and kinetic energies, is given by 


( Cw )? 


If we omit constant terms and only retain squares of small quantities we have 


For the sake of brevity I will only retain the two ellipticities e, /, since this 
will suffice to indicate the general law. Now if V and C be expanded by 


2 
(6cy 
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TAaYLor’s theorem in powers of de, 6f, and if we bear in mind the conditions 
(19) for the figure of equilibrium, it is easy to show that 


(80) w OC OC w (CC \* 
Hence 


ay eC 


eV 


eof 

This is a quadratic function of de, f and the vanishing of the Hessian would 

give the condition for the change from stability to instability. However, we 

need just one term more than that found above to obtain even a first approxi- 

mation to the limit of the stability of the Maclaurin spheroid. It is accord- 
ingly useless to pursue the topic further. 


CAMBRIDGE, ENGLAND. 


| 
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ON TWISTED CUBIC CURVES THAT HAVE A DIRECTRIX* 


BY 
H. 8S. WHITE 


Introduction. 


The species of twisted cubic parabola having a directrix has been examined 
by BOKLEN,} and Franz Meyer.{ The cubic parabola is a twisted cubic 
having among its osculating planes the plane at infinity. It is said to have 
a directrix when the osculating planes can be arranged in triads, each triad 
consisting of three faces of a trirectangular triedral angle. It is shown that 
the locus of vertices of such angles is a straight line, and that line is called the 
directrix of the curve. The further question is now to be considered, whether 
also any cubics that are not parabolas may possess a directrix ; that is, whether 
the osculating planes of a cubic ellipse or hyperbola may ever be grouped in sets 
of three mutually perpendicular, and if so, what is then the locus of the ver- 
tex where three perpendicular planes intersect. 

It will be shown that two conditions are necessary to the existence of a direc- 
trix when the cubic is not parabolic, and that such a directrix must be a straight 
line. Thus will be established by metrical characteristics a second class, more 
extensive than the species of cubics with directrix already known, inasmuch as 
the latter have to satisfy three conditions. Noteworthy is the fact that this 
second species does not include all parabolas of the first, and that together they 
comprise all possible cubies having a directrix. 

As an auxiliary it is necessary to consider the system of polar triangles of a 


conic—the conic absolute of metrical geometry —and to discuss a new simul- 


taneous covariant of the ternary cubic and quadric ($3), whose vanishing indi- 
eates that an infinite number of polar triangles of the conic are inscribed in the 
cubic. Incidentally there is noticed a transformation of this covariant quadric 
into itself by a group of non-linear substitutions of the parameters upon which 
it depends ; it is in fact a semi-combinant of itself and the cubic. 


* Presented to the Society September 2, 1902, under a different title. Received for publica- 
tion December 12, 1902. 

+Schlémilch’s Zeitschrift, vol. 29 (1884), pp. 378-382. 

tBoéklen’s Mittheilungen, vol. 1 (1884), pp. 11-16; orSchlémilch’s Zeitschrift, 
vol. 30 (1885), pp. 345-349. 
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H. S. WHITE: ON TWISTED CUBIC CURVES 1: 


$1. The developable of a twisted cubic. 


The osculating planes of a twisted cubic form a developable of order 4 and 
class 3; that is, through every point of space there pass three planes of the 
system. Hence the plane at infinity, if not itself one of the system, cuts the 
developable in a curve of order 4 and class 3, a quartic curve with three cusps. 
Now two planes are perpendicular when their traces at infinity are conjugate 
lines with respect to the circle common to all spheres. If then three planes are 
to be mutually perpendicular, their traces at infinity are required to form a self- 
conjugate or polar triangle with respect to that circle, the absolute of euclidean 
metric. The problem of finding points in which three planes of the system 
meet at right angles becomes therefore the problem of finding polar triangles 
of a conic, whose sides shall be tangents of a tricuspidal quartic curve in the 
same plane. If there can be an infinite number of such triads of planes, then 
also the corresponding circumscribed polar triangles must be infinite in number. 
But in place of this problem we may substitute its dual equivalent, to find how 
many polar triangles of a given conic are inscribed in a nodal cubic in the same 
plane; and under what conditions the number of such triangles may become 
infinite. 

In the special case where the plane at infinity itself is an osculating plane of 
the eubie, its section with the developable is reduced to a doubly counting tan- 
gent line and a conic. The problem for this case reduces to the familiar one, to 
find how many polar triangles of the absolute circle are circumscribed to (or 
inseribed in) an arbitrary conic, and under what conditions this member is infi- 
nite. This is the ease of the cubical parabola, already treated from this point 
of view by W. Franz MEYER (loe. cit.). I shall review first this simpler case, 
as exbibiting the method to be employed in the other. 


§ 2. Polar triangles of one conic inscribed in another. Application to the 
cubical parabola, 

Denote by a and ~ the absolute conic and any second, and let their equations be 

a- = 0. 


In « there is to be inseriptible a triangle self-conjugate with respect toa. Each 
side of such a triangle is a line divided harmonically by the two conies, and is 


therefore a tangent: uv, = 0, to the envelope represented by the equation * 


*CLEBSCH LINDEMANN, Vorlesungen iiher Geometrie, vol. I, p. 276. 
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Let the opposite vertex of the triangle be a point (y). The equation of its 
polar, the side in question, is 


aa=bb=ce =u 
a = ye 
Therefore the w’s have the values: 
Uy = A Ay, U, = 4,5. 


Substituting these in the equation of the envelope, we have for the locus of the 


pole (v) the equation: 
(aab)(aae)b = 0. 
yy 


This reduces identically to the form 


(aba) e* — % (abe)? =Q. 


5 


From this it appears that the conic a will itself be the locus of poles of lines 


harmonically divided, if 
(aba) = 9. 


By duality we have therefore the theorem: 

If the trace of the developable of a cubical parabola on the plane at infinity, 
considered as a class conic, is apolar to the circular absolute considered as an 
order conic, then all the osculating planes of the cubical parabola can be 
grouped into triads of mutually perpendicular planes. 

Call the locus of the intersection of such a triad the directrix of the cubic. 
From the nature of the problem this directrix must be an algebraic curve. Its 
order can be found by noting in how many points it meets an arbitrary plane, 
for example one of the osculating planes of the system. Through each inter- 
section of this plane with the directrix there pass only three osculating planes, 
one of which is the plane in question. Hence if the directrix be of order n, 
this plane must be a component in n different triads; so that its trace at 
infinity is a side in each of » different polar triangles of the eonic absolute, all 
inscribed in a second conic. But one line has only one pole with respect to the 
absolute conic, and meets the second conic in only two points, therefore it can 
form part of only one such polar triangle. Accordingly n=1, and the 
directrix must be a straight line. 


§ 3. Polar triangles of a conic, inscribed in a plane cubic. 


The foregoing section may serve as model in the examination of a cubic in 
the plane of the conic absolute. First there is to be found the equation of the 
envelope of a line divided harmonically by its intersections with the conic and 
two of its three intersections with the cubic. The locus of the pole of this line 


eee 
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is derivable from the envelope, as it was in the case of a second conic. Finally 
the conditions must be analyzed under which the locus of the pole contains all 
points of the cubic. 

Denote a binary quadrie and cubic respectively by a? = b? = c?, and 
a? = p?r,=4q°p,. Two roots of the cubic will be harmonic to the roots of the 
quadric if either the quadrics a? and p* are apolar, or the polar of 7, with 
respect to the quadric a* is one factor of p*; i. e., if the compound condition is 
satisfied : 

(1) G = (ap) (br) (bq) (cp) (cq) = 9. 


To express this condition in terms of invariants of a* and a*, reduce the latter * 
to invariants of a?, p? and 7, when comparison shows that 


(2) G=F+4D- F=}(a2)(aB) {(bc) (a8) + . 


Hence by bordering we obtain the condition for a line, w,=0 (ternary) to 
meet in such sets of points a conic and cubic curve given by the ternary equa- 
tions 


The condition is 
(3) G'(u) = (aan) (aBu) + 4 (bau)? (cB8u)?} = 0. 
Identify the line («) with the polar of a point y, 
skk, 
x y 2 yx yz 


so that the envelope (3) gives as its reciprocal with respect to the conic a sextic 
curve : 

(y)=(aad )(aBe) Ld f.g,h,k, =9. 

Recalling the harmonic section upon the line («) and the definition of the point 
(vy) as its pole, we have already this result : 

THEOREM. — The 18 points in which the sextic: T(y) = 0, meets the cubic: 
a> =0, are vertices of triangles, proper or improper, self-conjugate with 
respect to the conic: a&=0. 

Geometrically it is evident that the condition imposed on (vy) is doubly satis- 
fied by each intersection of the cubic with the conic, for the polar of such a 
point is there tangent to the conic, and both the remaining intersections of this 
tangent with the cubic count as conjugate to its point of contact. These six 
intersections are therefore double points on the sextic. This indicates a reduc- 
tion of the form ['(v) to a sum of terms of the second degree (or higher) in the 


* See CLEBSCH, Biniire Formen, p. 209. 
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forms a’, a*. Effecting this reduction by the usual mode, we can express the 
sextic covariant as follows, D denoting the discriminant («bc )’ of the quadric: 


+ i's (aap y B, bre’ 
— 4 D-(aba)(abf) 
5 D-( aba)? ( a, B, ef? 


} (aba)(abB) (eda) (efB 


y 


The terms of this reduced covariant free from a factor «’ do not all contain a’ to 
a degree higher than the second, therefore the 18 intersections of cubie and 
sextie lie, 12 in 6 double-points on the fundamental conic, and 6 in other points 
upon a covariant conic whose equation is 


~ 


(oO) = D*-(axBy D-( abx)( )( edx)? B? 
— 6 8, + 9(abx)(ab8 ) (edz) -g? 


Tueorem. — The conic U'(y) = 0 meets the cubic in two sets of three points, 
each set being the vertices of a triangle self-conjugate with respect to the conic 
absolute, a®=9. 

That two such determinate triangles exist in the general case may be verified 
upon a degenerate cubic consisting of three lines, by the use of projective 
ranges on the three lines. Or the cubic may be taken to be any line together 
with any conic not apolar to the conie absolute and not containing the pole of 
the line.* But we have reached the peculiar aim of this inquiry in demonstrat- 
ing the following 

THEOREM. — Jn order that every point on the cubic may be a vertex of one 
inscribed triangle, self-conjugate with respect to the conic absolute, the quadric 
covariant T'(y) must vanish identically ; this is also the sufficient condition. 

For when ['(y) vanishes identically, the sextic (4) degenerates into two 


cubies : 


LY 
T(y)= 54 4, — (abe)? P= 


This indicates the existence of two systems of polar triangles, the first hav- 


ing one vertex variable on the covariant cubic ¢ = 0,+ while two vary upon the 


One other relation to be avoided will be noticed at the end of this §. 
t It may be remarked that this relation of o and @ is not reciprocal ; indeed they are the 
first and second of an interminable succession, whose limit curve is given by the equation 


f 

q 

4 

| 

© a 0. 
) 
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cubic a; the second system having, as was required, all three vertices simul- 
taneously variable upon the cubie a. 

The identical vanishing of ['’(y) would appear to involve six conditions ; 
but these cannot be all independent, since the quadric T'’(y) can be reduced to 
a sum of not more than three terms, giving at most three conditions. To 
calculate these explicitly, take as reference triangle one of the two polar 
triangles that are certainly inscribed in the cubic. The two equations then 
become: 


a, = + 23, 


I 


Inasmuch as the conic I’ must contain the three vertices of this special 
triangle of reference, three terms disappear and our condition reduces to this: 


(4,4, + 8,4, + + (45% + + BP, ) 
+ (4, B, Ay = 0. 


These three coefficients equated to zero give but two conditions, for 


% 8, %, + B, Bs) + B,( B, B, B,) 
(7) 
= B,)( B,%, + 8,8, 


otherwise it may be seen that any one of the three is the eliminant of the other 
two. Any net of cubics cireumscribed to this same reference triangle will con- 
tain three that satisfy these three conditions. This, therefore, is a double con- 
dition of third order. 

When the conditions (6) are satisfied, can every point of the cubic be at once 
a vertex of two distinct polar triangles? Evidently not unless the polar of 
every point be a tangent to the curve. This can be proved impossible ; but 
even if it could be admitted, the two polar triangles would coincide and consti- 
tute in fact but one. The salient facts may be collected in the following 
theorem : 

THEOREM: Jn any doubly infinite net of plane cubics circumscribed to a 
polar triangle of any proper conic there are three cubics which contain each an 
infinity of inscribed polar triangles of that conic. In any such cubic, each 
point is a vertex of one and only one inscribed polar triangle. This is not to 
be understood as asserting that a net can contain only three such special cubies. 
In fact, since conditions (6) do not involve the coefficient y, by allowing y to 
vary alone a sheaf of cubics may be generated, all satisfying these conditions. 


| | 
| 
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Of course this theorem applying to cubics both singular and non-singular is 
convertible by duality into a theorem for sextics with nine cusps, or tricuspidal 
quartics, and circumscribed polar triangles. That dual theorem is the one here 
to be applied. 

If the cubic is degenerate, consisting of a conic A and a line L, it can satisfy 
conditions (6) only in two cases. First, the conic may be apolar to the quadric 
absolute and contain the pole P of the line Z; then one set of inscribed polar 
triangles all have a vertex at P, while both remaining vertices lie upon L. 
Second, the conic A’ and the absolute conic a may lie in involution with respect 
toa point P, the pole of Z; then the inscribed polar triangles will have one 
vertex variable upon Z, while the other vertices form pairs in involution upon 
the conic A, with P for center of involution. The third conceivable alterna- 
tive, that A alone should satisfy the condition of apolarity (§ 2), is not sufficient, 
as one verifies readily by applying condition (6) to the degenerate form : 


This gives one negative theorem immediately, and a positive one by applying 
the theory of continuity. 

THEOREM.— The special conics of § 2 combined with arbitrary lines cannot 
always be considered degenerate cubics of the class defined by conditions (6). 

TueoreM.—ZJf the real cubic satisfying conditions (6) has an odd branch 
and an even branch, the even branch may contain one, two, or three vertices of 
the variable inscribed polar triangle. 


§4. The covariant T'’(y) as a semicombinant. 


A special feature of this covariant I'’(y) is quite worthy of note. Remem- 
ber that it intersects the cubic in the vertices of two polar triangles of the abso- 
lute. Now a triple infinity of cubics can be circumscribed to those same two 
triangles. Their equations are: P 


(8) a (ue, (x)= 0. 


Evidently now all these must have the same covariant conic: I'’(y) = 0, for no 
other conic contains those six points. /Zence I''(x) is a semi-combinant of the 
cubic a and the conic I'(x). Otherwise stated, the conie I'’(x) is transformed 
into itself by a group of * substitutions on the coefficients of a’, viz. : 


a= at Us + B, a + ete., 
= B, + u,(4,%,+ 8,2, + B,B,), ete. 


> 
| 
‘ 
| 
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It is easily verified that by this substitution I''( 7) is reproduced with a multi- 
y 

plicative modulus which is quadric in the parameters u,, u,, u,. Writing P'(y) 

as dependent on a: 


(9) + P2Ysti + 
we find after the substitution (8) : 
(10) {1+ 8,) + 2u,u,p,}. 


The three quantities p,, p,, p, are thus automorphic invariants of this group ; 
and a fourth is seen from the identities (7), viz: 


(11) B, Pp, = 4, Pp. — Bs Ps = 4, Pp; — B, P, = 4%, % — B, B,8,. 


This group and its geometrical representations invite further investigation 
though they are of no direct value for our present purpose. 


§ 5. Elliptic or hyperbolic twisted cubics, with a directrix. 


The trace at infinity of all osculating planes of a twisted cubical ellipse or 
hyperbola is a curve of class 3 and order 4, a tricuspidal quartic. If its tan- 
gents form an infinite system of polar triangles of the circular absolute, the 
osculating planes must form triads mutually perpendicular ; and each plane can 
belong in only one triad, according to the theorem of §3. Therefore the locus 
of the intersecting point of the planes of a triad can meet any one osculating 
plane in only one point, hence this locus is a right line. Such a line, when it 
exists for any particular cubic, may be termed the directrix of the curve. Its 
resemblance, however, is to the directrix of a plane parabola, not that of a plane 
ellipse or hyperbola, since these latter are circles. This fact may render the 
class of twisted cubics now under discussion even more interesting than the 
eubical parabolas with directrix,* as being a less obvious analogue to any plane 
eurve. Tosum up: A twisted cubic whose developable satisfies at infinity the 
two independent (three simply related) conditions dual to (6) of § 3 relative 
to the circular absolute has its osculating planes grouped into triads, each 
triad consisting of mutually perpendicular planes; and each triad has its 
point of intersection situated upon a fixed right line, the directrix of the curve. 

A similar investigation upon plane quartics would lead very likely to a class 
of twisted cubics whose tangents aie three and three mutually perpendicular. 
The number of conditions to be satisfied is not yet determined. 


EVANSTON, ILL., December, 1902. 


* That the two classes are distinct appears from the theorem next the last in § 3. 
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UEBER CURVENINTEGRALE IM m—DIMENSIONALEN RAUM* 
VON 
LOTHAR HEFFTER 


In den Goéttinger Nachrichten (vorgelegt am 8. Feb. 1902) habe ich 
die Definition der lings einer ebenen Curve erstreckten Integrale in gewisser 
Hinsicht erweitert und dabei von dem Integrationsweg « = #(t), y= W(t) nur 
vorausgesetzt, dass @ und w in dem betrachteten Intervall beschrinkte Schwan- 
kung haben. An diese Definition habe ich die Hauptsiitze der Theorie der 
ebenen Curvenintegrale und schliesslich den Caucuy’schen Integralsatz ange- 
kniipft. 

Hier mochte ich in Kiirze ausfiihren, wie sich jene Begriffsbestimmungen und 
Methoden auf einfache Integrale ausdehnen lassen, deren Integrationsweg eine 
aus einer m-fachen herausgeschnittene einfache Manigfaltigkeit ist. Die fol- 
genden Entwicklungen gelten also z. B. fiir die liings einer Raumcurve erstreck- 
ten Integrale. 

Die Arbeit in den Géttinger Nachrichten iiber Curvenintegrale soll im 
folgenden kurz mit C. I. citiert werden. 


§ 1. Definition des Curvenintegrals. 
Die reellen Functionen der reellen Variabelen ¢ 
(1) = ¢,(t ), %= $,(t), = ¢,,(t) 


seien in dem Interval] (t, 7’) eindeutig, mit Einschluss der Grenzen stetig, und 
von beschriinkter Schwankung, +} a. h. wenn der arithmetischen Folge der Werte 


nach (1) die Werte 
= = a;), (= (i=1, 2, ---, m) 
entsprechen, sei 
k=n 
(2) lim >> — = (i=1,2,---, m), 
n=« k=1 


wo die Jf, bestimmte endliche positive Zahlen sind und mit wachsendem n die 


* Presented to the Society at the Evanston meeting, September 3, 1902. Received for pub- 
lication April 28, 1902. 

tT Vgl. JoRDAN, Cours d’ Analyse, 2™ éd., I (1893), S. 55; Strupy, Mathematische 
Annalen, Id. 47 (1896), S. 298 ff. 
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Differenzen — t,_, 


finierte einfache Manigfaltigkeit nennen wir eine stetige, rektifizierbaure Curve 


simmtlich nach Null convergieren. Die durch (1) de- 


C in dem m-dimensionalen Raum der (#,) mit dem Anfangspunkt A (2, = a,) 
und dem Endpunkt (2, = 

Aus der Stetigkeit der Funktionen ¢, im Intervalle (¢, 7’) mit Einschluss 
der Grenzen folgt ihre gleichmiissige Stetigkeit in (¢,7’). Man kann also die 
Bedingungen 
(3) —$,(t.)| <e fiir <6 (i= 1, ---,m), 


wo auch ¢ in (¢, 7’) liegt, bei demselben beliebig kleinen ¢ durch dieselbe Zahl 
erfiillen. Wiihlt man also die Differenzen ¢, 


liuft C vom Punkte (#,; ,_,) bis zum Punkte (.,,) stets ganz innerhalb des 


simmtlich < 26, so ver- 
Raumes 72, der durch die Grenzen 
k? 


bestimmt und fiir m= 3 bei rechtwinkligen Parallelcoordinaten 2, ein 
Wiirfel ist, dessen Mittelpunkt auf C liegt. 


Ferner sei f(2,, +--+, eine lings C’ reelle, eindeutige und mit Ein- 
schluss der Grenzen A und B stetige Function der reellen Variabeln x,, +++. 2,,. 


Also ist auch f lings C von A bis B gleichmissig stetig, a. h. die Bedingung 


ist, wo auch (x,) auf C zwischen A und B liegt, bei ein fiir alle Mal beliebig 
klein gewiihltem y durch dieselbe hinliinglich kleine Zahl ¢ zu erfiillen. Dieses 
e wihlen wir in (3) und bestimmen danach 6 gemiiss (3). Die Funetion /f 
schwankt dann in /2, um weniger als 2+. 

Ist die Bedingung (5) ohne weitere Beschriinkung fiir die Lage von (2,) er- 
fiillt, so konnen wir auch sagen: C verliuft in einem Bereich der Stetigheit von 
J-+ Muss, um (5) zu erfiillen, (#,) auf C’ selbst liegen, so sagen wir: f ist stetiy 
nur lings C selbst oder auch: C’ ist cine isolierte Curve der Stetigkeit von f. 

Nun sei (&,,) ein Punkt des Bereiches, 

(6) = = 


bezw. 


ik E. = Liz (t=1, 2,---,m), 


der ganz innerhalb 72, lie~t, bezw. wenn f nur lings C selbst stetig ist, ein ge- 
miiss (6) auf C liegender Punkt. Dann bilden wir die Summe 


k=n 


*C. L., S. 119 steht in den entsprechenden Formeln irrtiimlicher Weise 3 ( t;—t,-: ) statt 
+ tk). 

{ Diesen Fall, der der wichtigste ist, wollen wir hier der Einfachheit wegen spiiter allein wei- 
ter verfolgen. Bei der Definition des Integrals braucht er aber nicht vorzuliegen. 


| 

| 


144 L. HEFFTER: UEBER CURVENINTEGRALE [April 


und zeigen, dass sie einen bestimmten endlichen Grenzwert hat, wenn 7 in’s Un- 
endliche wiichst, die Intervalle (t,_, ¢,) aber siimmtlich nach Null convergieren. 


Hierzu teilen wir jedes Intervall (¢,_, ¢,) durch neue Teilpunkte 


und bilden wie in (7) die Summen 


kaon k’=n, 


(8) S' =x > Ene) — 

k=1 k’=1 
wo ,( ty), = Zan, = und alle entsprechend gewihlt 
sind wie die (&,,) bei S. Da sie hiernach siimmtlich in dem Bereich #, (s. (4) ) 
liegen, in dem f um weniger als 2y schwankt, so ist 


(9) SI (Eu» 2y <S <S (Ens + 2y, 
oder 
(10) SI (Eis =P Edt 278 ys 
wo 
—1<4,<+1. 
Also ist 


(11) S’=S4+ Jy (2, kee 

und 


d. h. nach (2) beliebig klein. 

Die Summe S hat also einen bestimmten endlichen Grenzwert, den wir das 
in Bezug auf x, lings C von A bis B erstreckte Integral von f nennen. Wir 
schreiben 

i 
JA n=« k=1 

Analog definieren wir unter denselben Voraussetzungen iiber f,(x,, ---, 2,,) 

(i=1,2,---, m) das Integral 


k=n i=m 


1 n= 


k=] {=1 


Hieran schliessen sich dieselben oder ganz analoge Bemerkungen wie C. L., 


2. Das Curvenintegral als Grenzwert einer Summe, deren Glieder 
gewohnliche bestimmte Integrale sind. 


Die Punkte (4 = 0,1, ---, 2) mégen auf C schon so nahe an einander 
ik =] 


liegen, dass auch die Punkte 


» 

| 

| 
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und die geradlinigen Verbindungsstrecken zwischen je zwei aufeinander fol- 
genden von ihnen, d. h. z. B. alle Punkte (#,, x, 1, +++, WO dem 
Intervalle (x, ,_, angehort, ganz innerhalb des Gebietes liegen, in dem die 
f, eindeutig und stetig sind. Betrachten wir dann die Summe von gewdhnlichen 


bestimmten Integralen 


k=n Lik 


k=1 k-1 
72, k—1 
+ Fe Uni ks ’ 
7m, k-1 


so kann man auf jedes dieser Integrale den Satz vom Mittelwert der Inte- 


grandenfunction anwenden und hat z. B. 


z 


1,k-1 
(2) 
wo &,, dem Intervalle (x, ,_,x,,) angehért. Hierdurch geht aber die Summe 
(1) in diejenige iiber, deren Grenzwert fiir lim n =o das lings C von. A bis 
B erstreckte Curvenintegral von f\dx, + --- + f,,dx,, ist. Also ist 


Bi=m 


(C) J ) dex, 
(3) 


k=n i=m Lin 
k=1 i=l k—-1 

d.h. das Curvenintegral ist als Grenzwert einer Summe von gewdhnlichen 
bestimmten Integralen oder als Grenzwert eines sog. “ Treppenintegrals” dar- 

gestellt. 
Die innere Summe in (3) rechts oder das Treppenintegral von (x; ,_, ) bis (2, ) 
kann natiirlich auf m! verschiedene Arten gebildet werden, von denen in (8) nur 


eine aufgeschrieben ist. 


§ 3. Fundamentalsatz der Integralrechnung. 
Ist F'(x,, +++, x,,) mit ihren ersten partiellen Ableitungen 


(1) (i=1, 2,---,m), 


On. 
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lings C von A bis B stetiq, so ist 
g g 


i=m 


B 
(2) (0) f dF (x,, +++, %,,) = (C) F de, 


(aj) t=1 


= 
( 1 m ( 1 m 


Den Beweis dieses Satzes kiénnten wir genau wie in C. I., I, § 2 fiihren, also 
ohne den Satz schon fiir m= 1 als bewiesen vorauszusetzen. Oder aber, und 
das soll hier geschehen, wir machen diese Voraussetzung und lesen dann aus 
dem vorigen Paragraphen das gewiinschte Resultat ab. Nach dem Fundamen- 
talsatz der gewohnlichen Integralrechnung ist niimlich in § 2 (3), wo die /;, jetzt 
durch F’, zu ersetzen sind, 


2i,k—1 


(3) 


F np 


bo 


Also wird die innere Summe in (3) rechts 


q-e.d. 


Auch die Transformation des Curvenintegrals durch Einfiihrung neuer 
Variablen statt «,, ---, #,, erledigt sich ganz analog wie C. L., I, § 3. 


§ 4. Das Curvenintegral als Function der (oberen) Grenze bei 
vorausgesetzter Eindeutigkeit. 


In bekannter Weise, d. h. genau wie z. B. in den C. L., I, § 4 citierten Ab- 
handlungen beweist man endlich auch hier den Satz: 
Sind (i=1,2,---, m) in dem zusammenhingenden Be- 


reich G eindeutig und stetig und ist das Integral 


(1) 


i=1 


in diesem Bereich unabhingig vom Wege C,m.a. W. selbst eine eindeutige 


m 


Function f von +++, in G, so ist es in G auch eine stetige Function 


VON mit den partiellen Ableitangen 
cfr : 

(2) =f ) (42 1,9, 


i 


| 
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$5. Der Cauchy’sche Satz. 


Wenn G ein solcher zusammenhingender m-dimensionaler Bereich in der 
m-fachen Mannigfaltigkeit (w,, ---, 2) ist, dass jede geschlossene Curve in G 
durch stetige Deformation innerhalb G auf einen Punkt zusammengezogen wer- 
den kann, so wollen wir G kurz einfach zusammenhiingend nennen. Als 
Cavucuy’schen Integralsatz bezeichnen wir dann hier denjenigen, der die not- 
wendigen und hinreichenden Bedingungen dafiir angiebt, dass lings jeder im 
Innern von G verlaufenden geschlossenen Curve C das Integral 


i=m 

(1) (C) 
den Wert Null hat. - 

In G seien die f, eindeutig und stetig und entweder die 

(i, K=1, 2,---, m3; itk), 
20, One, 

ebenfalls eindeutig und stetig oder die ersten vollstiindigen Differentialien df, 
(i=1,2,---, m) in @ iiberall einwertig vorhanden. 

Nach § 2 kénnen wir das Integral (1) zuniichst als Grenzwert eines geschlos- 
senen Treppenintegrals mit den auf C liegenden Ecken 


[= (x5) ] ’ 


auffassen, dessen Treppenlinie auch ganz innerhalb G liegt. Teilen wir jetzt G 
durch lauter (m — 1 )-fache Manigfaltigkeiten 


wo unter den Werten der Constanten C,, C", --- jedenfalls die Werte 
Vin 


vorkommen (i=1,2,-- ,m), so zerfallt G in lauter Teilgebiete, die wir 
* Zellen” nennen wollen. Bei n = 2 sind dies Rechtecke, bei n = 3 rechtwink- 
lige Parallelepipeda mit Kanten parallel zu den Coordinatenaxen, wenn orthogo- 
nale Cartesische Coordinaten zu Grunde liegen. 

Damit nun der Caucuy’sche Satz fiir jede geschlossene Curve in einer zwei- 
fachen Manigfaltigkeit gilt, bei der alle ~ constant sind ausser etwa x, und 2,, 
ist bei den gemachten Voraussetzungen notwendig und hinreichend (s. C. L., 


II), dass 


(2) (i, K=1, 2, --+,m; i+h). 


Er gilt dann aber auch, wie durch Zusammensetzung solcher Wege folgt, fiir 
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jeden geschlossenen Kantenzug auf einer Zelle. Wieder durch Zusammensetz- 
ung gelangt man zur Giltigkeit fiir einen geschlossenen Kantenzug, der auf zwei 
und dann auf beliebig vielen, mit einander in Verbindung stehenden Zellen so 
verliuft, dass er durch solche riickwiirts ausgefiihrten Abinderungen in einen 
geschlossenen Kantenzug auf einer einzigen Zelle reduciert werden kann. 

Die oben eingefiihrte Treppenlinie ist nun infolge der Zerschneidung von G 
in Zellen ein solcher geschlossener Kantenzug und, weil G einfach zusammen- 
hingend ist, kann sie auch in der angegebenen Weise reduciert werden. Der 
Cavucuy’sche Satz gilt also fiir jene Treppe, folglich fiir einen beliebigen ge- 
schlossenen Weg in G, und wir haben das Resultat: 

Ist G ein einfach zusammenhiingender m-dimensionaler Bereich in der 
m-fachen Manigfaltigkeit (x,, ---,x,,), sind +++, @,,)(i=1, 2,---,m) 
in G eindeutige und stetige Functionen aller Variablen und entweder die f,, 
ebenfalls eindeutige und stetige Functionen von ihnen in G,—oder existieren 
die ersten totalen Differentialien df, in G iiberall einwertig, so sind die in G 
geltenden Bedingungen 
_ eh 


(i, 2, ---, m; ik). 
notwendig und hinreichend dafiir, dass 


i=m 
(C) | 
vA 


i=l 


in G unabhiingig vom Integrationsweg ist. 
GOERLITZ, 5. April 1902. 


| 
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THE GENERALIZED BELTRAMI PROBLEM CONCERNING 
GEODESIC REPRESENTATION * 


BY 
EDWARD KASNER 


In 1865 Betrrami showed that the only surfaces which can be represented 
point by point upon the plane in such a manner that the geodesics of the sur- 
face are represented by straight lines are the surfaces of constant curvature. + 
A natural extension is to consider instead of the straight lines any doubly infi- 
nite system of curves 


(1) F(x, y,>,4)=9, 


and to investigate the existence and the properties of the surfaces which can be 
built upon the plane in such a manner that the geodesics are represented by the 
curves of the prescribed system. This extension was proposed by Dr. STECKER 
in two papers published in preceding volumes of these Transactions ;¢ but 
the only case actually considered by him is that of a /inear system 


(2) 


Later Dr. PELL,$ in a paper read at the summer meeting of the American 
Mathematical Society, 1902, investigated the same case of a linear system, 
employing DarBoux’s method based upon the inverse problem of the caleulus 
of variations. Neither Dr. Strecker nor Dr. PELL arrive at a solution of the 
problem proposed. 

As a matter of fact the extension of BELTRAMI's problem to a linear system 
(2) is trivial. For by the point of transformation 


_ y) _¥(*y) 
y)’ 


the system (2) becomes 
(3) Av, + wy, +1=0. 


* Presented to the Society December 30, 1902. Received for publication November 26, 1902. 
Tt BELTRAMI, Annalidi Matematica, vol. 7 (1866), pp. 185-201; BIANCHI, Differential- 
geometrie, German translation of LUKAT, § 242. 
t Vol. 2, pp. 152-165 ; vol. 3, pp. 12-22. 
¢ Cf. abstract in the Bulletinof the American Mathematical Society, vol. 9 (1902), 
p. 93. 
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That is, any surface which can be built upon the plane in such a manner that 
its geodesics are represented by (2), can also be built upon the plane so that the 
geodesics are represented by the straight lines (3). Therefore the surface must 
be one of constant curvature. Conversely, any surface of constant curvature 
van be built upon the plane so that its geodesics are represented by any pre- 
scribed linear system (2); in fact, the representation is possible in o° distinct 
ways, since this is true of the equivalent system (3). * 

Of course the representations considered are not in general conformal. If 
this condition be imposed, as is done in Dr. SrecKER’s papers, the problem is 
more specialized but may still be solved by simple considerations. The surface 
must be of constant curvature, as was seen above, but the form of the linear 
system of curves is no longer arbitrary; its particular form depends upon 
whether the curvature is zero or positive or negative. Any surface of constant 
curvature F can be built conformally upon the plane so that the geodesics are rep- 
resented by a linear system of circles, which for the three cases considered may 


be written respectively as follows : 


(4,) Aw, + oy, + 
Aw, + py, + + = 0, 
(4 ) M+ ey, 


In the first case the circles all go through the origin, in the second they are 
orthogonal to the imaginary circle #7 + y; + 1 = 0, in the third they are orthog- 
onal to the real circle x} + y? —1= 0. 

The most general conformal representation is obtained from the special rep- 
resentation just given by means of the general conformal transformation of the 
plane, which may be written 


= y, = V(x.y), 


where ® and Y are any two conjugate harmonic functions, or, what is equivalent, 
where ® + iV is a function of the complex variable « + iy. The systems of 


*Cf. DARBOUX, Théorie des Surfaces, vol. 3, p. 59. 

| BIANCHI, Differentialgeometrie, Lukat’s translation, § 230, where the result is stated for 
pseudospherical surfaces. Any surface of constant positive curvature may be appled to a sphere, 
whose stereographic projection gives the conformal transformation by which the geodesics become 
the circles (4,). The system (4,) for developable surfaces is obtained from the straight lines, 
representing the geodesics when the surface is developed on the plane, by inversion with respect 
to the unit circle. Cf. Busse, Jnaugural-dissertation, Berlin, 1896, where it is proved that the 
only surfaces capable of conformal representation upon a plane so that the geodesics are repre- 
sented by circles are the surfaces of constant curvature. 
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circles representing the geodesics become by this transformation linear systems 
of curves: 


(6,) AY’ + pV + O° + = 0, 
AY + pV + 4+ W?-1=0, 
(6_) AO+ 074+ 


To sum up: The on/y surfaces capable of conformal representation upon a 
plane in such a manner that the geodesics are represented by a linear system 
of curves are the surfaces of constant curvature ; according as the curvature 
is zero or positive or negative the linear system is of form (6,) or (6) or (6_). 
Conversely, if a system of form (6,) [or (6,) or (6_,)] is given, any surface 
of constant zero [or positive or negative] curvature can be built conformally 
upon the plane so that its geodesics are represented by the assigned system. * 


Let us consider now the real extension of BeLTrami’s problem proposed at 
the beginning of the paper: Given any two-parametersy stem of curves, repre- 
sented either in the integral form 


F(x, r, w)=9, 


or by the corresponding differential equation 


(7) y =f(2z, Ys y)s 


we ask in the first place whether surfaces exist which can be built upon the 
plane so that the geodesics are represented by the assigned curves, and in the 
second place, if the surfaces exist, how may they be determined. 
The differential equation of the geodesics on a surface whose first funda- 
mental form is 
(8) ds’ = Ede’? + 2F'dxdy+ Gdy, 
may be written + 
2( EG — F*)y" = (2GF,— GG,—FG,)y” 
+ (2GE, + 2FF —3FG,— EG,)y” 
+(GE,+3FE —2FF,—2EG,)y 
+(FE,+ FE, —2EF,). 


(9) 


* The conformal representation is possible moreover in * or @* ways according as the surface 
is developable or not. This is seen by considering the sub-groups of the six parameter group of 
circular (MOBIUS) transformations for which the linear systems (4) are invariant. 

Tt BIANCHI, l. c., p. 154. The Gaussian codrdinates on the surface are z, y instead of the 
more usual u, v. 
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Comparing (7) and (9), it is seen that in general, i. e., for an arbitrary sys- 
tem, no solution of the problem exists; for it is necessary in the first place 
that the differential equation (7) should be of the form 


(10) y” = Ay” + By” + Cy’ +D, 


where A, B, C, D denote functions of x and y. These functions, moreover, 
are not arbitrary, since they are expressible in terms of three functions FZ, F’, G: 


4—2GF, — FG, 
 2( EG — F*) 

_ 2GE,+2FF,—3FG,— EG, 

GE,+8FE —2FF. —2EG, 


2( EG — F?) 


B 


(11) 


p_ FE. + EE, — 2EF, 


Conversely, if the differential equation of the assigned system of curves is 
of form (10), and if the functions A, B, C, D are so related that the partial 
differential equations (11) for #, #’, G are consistent, then the problem pro- 
posed admits of solution, and the linear elements (8) of the surfaces in question 
are found by integrating equations (11). 

The generalized Beltrami problem admits of solution when, and only when, 
the differential equation of the assigned system of curves is of form (10) and 


the partial differential equations (11) are consistent. The determination of 


the corresponding surfaces depends upon the integration of the set of equa- 
tions (11). 

The original investigation of BeELTRAMI was for the straight lines y” = 0, in 
which case A = B = C = D = 0; equations (11) are then consistent, and the 
surfaces obtained are those of constant curvature. The case of any linear sys- 
tem (2) may be treated in the same way, but the discussion of (11) becomes 
then very complicated. * We have already seen however, that the solutions are 
simply the surfaces of constant curvature. New classes of surfaces present 
themselves when the system of curves is quadratic, i. e., when the parameters 
X, # in (1) enter in the second degree. This seems to be the next case to 
investigate in detail. 


COLUMBIA UNIVERSITY, NEW YORK. 


“Cf. Dr. STECKER’s articles cited above. 
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ON THE HOLOMORPH OF A CYCLIC GROUP* 
BY 
G. A. MILLER 


It is known that the holomorph ( A’) of a cyclic group (G@) is a complete 
group and that its commutator subgroup is G whenever the order (g) of @ is 
odd. When g> 2 is even, the commutator subgroup of A’ is the subgroup of 
G whose order is g/2, and A is never complete.t The main object of this 
paper is to determine additional useful properties of AT whose subgroups are of 
such fundamental importance. In particular, we shall determine the orders of 
all the operators of A’ and some of the properties of its group of isomorphisms 
when g is even. It will be observed that the generalized Fermat's theorem 
follows directly from some of the properties of the group of isomorphisms of G. 

Let g = 2% pepe --- p% p,, being any odd prime numbers) and 
let A), K,,---, represent the holomorphs of the cyclic groups 
@,) of orders 2”,p™,p%,---,p% respectively. As is 
evidently the direct product of these holomorphs ¢ the orders of all the operators 
of A’ can be directly obtained from the orders of the operators in these holo- 
morphs. We shall first consider the operators of A’, (a, > 2) whose order is 
known to be 

The group of isomorphisms (Z,) of G, is known to be the direct pioduct of 
an operator of order two and a cyclic group which may be so chosen that it is 
composed of all the operators of J, which transform § an operator of order 4 in 
G, into itself. 

The orders of the two independent generators (s,,s,) of J, are therefore 
2-2 and 2 respectively.** We shall first determine the orders of all the 


* Presented to the Society (San Francisco) December 20, 1902. Received for publication 
January 3, 1903. 

t BURNSIDE, Theory of groups of finite order, 1897, p. 240 ; MILLER, Quarterly Journal 
of Mathematics, vol. 31 (1899), p. 382. 

Cf. BURNSIDE, I. c. 

§ It will be assumed throughout that K,(a¢—0,1,2,---, m) is represented as a substitution 
group whose degree is equal to the order of G,, and that its group of isomorphisms ( J, ) is the 
subgroup composed of all the substitutions which omit the first letter. The two groups K. and 
J, are thus completely determined by G, even as substitution groups. 

"Bulletinof the American Mathematical Society, vol. 7 (1901), p. 350. 

** Since all the squares of operators of K, which occur in G, must also be found in the com- 
mutator subgroup of Kj, it follows that the quotient group of AK, with respect to its commutator 


subgroup is of type (a—2,1,1). 
153 


154 MILLER: ON THE HOLOMORPH OF A CYCLIC GROUP [April 


operators of A, which may be obtained by multiplying G, by powers of s,, 


where s, is supposed to have been so selected that it is commutative with an 
operator of order 4 in G,. 


Let s represent any operator of highest order in G,. From the equations 


( sis )° = = = 8°, 


where s’ is some operator of G', whose order is equal to that of s* and hence 
s's° is of the same order as s’, it follows that s*s (a =1, 2, ---, 2”~*) is of the 
same order as s.* Hence A), contains at least 2*°-* cyclic subgroups of order 
2”. We shall soon see that this is the exact number of such subgroups and 
that, with the exception of G’,, they are conjugate in sets of 


In particular, A), contains just two invariant cyclic subgroups of order 2%, so 
that the holomorph of a cyclic group of order 2” is at the same time the holo- 
morph of just one other cyclic group of this order. All the substitutions 
which transform one of these subgroups into the other must therefore transform 
4, into itself and have their squares in A’,.+ 

If s’ is substituted for s in the equations of the preceding paragraph it follows 
in a similar manner that s*s* is of the same order as s* since the order of s** is 
less than that of s*. Hence the group generated by s, and G, contains just 
2~-* eyclic subgroups of order 2*~'. It will, however, be seen that these are 
just half of the cyclic groups of this order which are found in A,,, the other half 
being obtained by multiplying the group generated by G, and s, by the opera- 
tor s,. 

In general, the order of the product of s* intoany operator s® of Gis equal 
to the least common multiple of the orders of the two factors s*, s° , for this 
order cannot be less than s*, since, the product transforms the operators of G, 
according to a substitution of this order, and from the preceding paragraphs it 
is clear that it can exceed the order of s* only when the order of s° exceeds 
that of ss. In this case the order of the product is equal to the order of 8°. 
Hence the group generated by G, and s, contains 3.2*"~) operators of order 
2"(0 <n <a, —1), of order 2”~', and 2~* of order 2”. 

As each of the remaining operators of A’, must transform an operator of 
order 4 in G, into its inverse and as G, contains negative substitutions, all of 
these operators must be conjugate in sets of 2~~'. If s, has been so selected 


*Bulletin, I. c. 

+ From this it is clear that G, has always a double holomorph in the same letters as its holo- 
morph. Every non-abelian group has also such a double holomorph since the substitutions which 
transforms a non-abelian group into its conjoint must transform this conjoint into the given non- 
abelian group. Abelian groups do not always have such double holomorphs. 


| 
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that it transforms each operator of G, into its inverse (which will be assumed) 
by s, are of 
order 2. One half of the products obtained by multiplying G, by s° 


(8 = 0 mod 2~*) are of the same order as s*, since s, and s, are both found 


1 2 


all the products obtained by multiplying the operators of G, 


s, 


in J, and s° s, is of degree 2» —2. We proceed to preve that the rest are of 
twice this order.* 

None of the operators in question is commutative with s?*~” or its conjugate 
for each of these two conjugates is commutative with s*s, and hence with all 


the products obtained by multiplying s? s, into the positive substitutions of G, 
but it is commutative with only half the operators of A’, since its degree is less 
than 2”. If the order of s° s, is 2¥(y> 1) the 2”~’ power of the operators in 
question must therefore be of order 4; i. e., their order must be twice the order 
of s? 8, If y=1, 8° 8, transforms s into its 2~~' — 1 power and the theorem 
clearly remains true. 

Combining the results of the last two paragraphs it follows that A, 
contains 3(2”-'+ 1) operators of order 2, 3(2%"-' 4+ 2%°"-%) of order 
2"(l<n<a,—1), and of each of the two orders’2”-', 2%. This 
includes the fact that all the operators of order 2” which are contained in A), 
transform an operator of order 4 in G’, into itself as was stated above. Since 
the products obtained by multiplying all the operators of G, by any given power 
of s, have the same number of conjugates under J, as the multiplicands have 
and since any operator of J, has as many conjugates under G’, as its order has 
units, it follows that all the operators of the same order which may be obtained 
by multiplyiny G, by any one operator of I, with the exception of 8, are con- 
jugate under k,.+ Inparticular, the cyclic subgroups of order 2” are conjugate 
in sets of 2°, 2°, 2, 27, ..., 2% as was stated above. 

In what precedes it has been explicitly assumed that a4, > 2. When a, = 2, 
X,, is the well known octie group and includes only one cyclic subgroup of order 
2. All its other operators are of order 2. When a, = 1, coincides with 
seen that the order of the product of any operator of G, into any operator 


,- It remains to determine the orders of all the operators of A. It will be 
whose order is of the form p? in J, is the least common multiple of the orders 
of the two factors. Hence this case is similar to the first part of the preceding 
case. There is, however, only one invariant cyclic subgroup of order p* in A), 
as the p, — 1 subgroups of this order which correspond to the second invariant 
subgroup in A’, are conjugate under A. We proceed to prove these state- 
ments. 

* Their orders could not exceed this number since they are rot commutative with the opera- 
tors of order 4 in G). 
{ That these operators form complete sets of conjugates under A, follows directly from the fact 


that Ay/(, is abelian. The products of G, and s, clearly form two complete sets of conjugates 
under A, 
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Let s represent any operator of G, and let ¢ represent any operator whose 
order is of the form p? in I,. Suppose that 


ef—! —l ee 
tst = 8,8, ts,t = ts,t = §,.,8,- 


“a 


s lower than that of s,.* From the equa- 


It is known that the order of s,_, 
tions 
( st)" = sist 


= 88, 88,878 ++ +8 r! g"—! gf 


n—1"a—2 n—r—l 1 
n(n—1) 


» 2 gn 


where the omitted factors in the last member are of a lower order than s,, it 
follows that st is of the same order as it would be if s and ¢ were commutative 
and independent. That is, the order of s¢ is the least common multiple of the 
orders of s and ¢. If the order of ¢ is not of the form p? then s¢ is of the same 
order as ¢ since ¢ is not commutative with any operator of G, besides the iden- 
tity and J, is abelian. 

From the results of the preceding paragraph we can readily determine the 
number of operators of a given order in There are just operators 
of order n in K,, n representing any divisor of pe-'(p,—1) which is not 
of the form p®. The orders of the remaining operators are of the form 
p? and there are of this order whenever <2,. When 
B = 2, there are p<™—”( p, —1) operators of order p*. In exactly the same 
manner as in the preceding case it may be seen that all the operators of the 
same order which may be obtained by multiplying the operators of |G, by 
any one operator of J, form a complete set of conjugates under A,. Hence the 


eyclic subgroups of order p* in A’, are conjugate in sets of 
1, p, 1,p,(p, —1), (p, —1). 


These results can readily be applied to the holomorph A’ of the general cyclic 
group G. In the first place, A’ contains only one invariant cyclic subgroup 
of order g whenever g is not divisible by 8. If g is divisible by 8 then K 
contains just two such subgroups, having g/2 common operators. This result 
follows directly from the facts that A’, contains only one invariant cyclic sub- 
group of order p™ and that A’, contains one or two invariant cyclic groups of 
order 2” according as a, < 30ra,=3. The group of isomorphisms of G will be 
denoted by J and it will be assumed that A’ is represented as’a transitive sub- 
stitution group of degree g. Hence G must be regular.¢ Let ¢ represent the 

*Bulletin of the American Mathematical Society, vol. 7 (1901), p. 351. 


t If a transitive group of degree 7” contains an invariant cyclic subgroup of order 7 this cyclic 
subgroup must be regular. If the subgroup were non-cyclic it would not need to be regular. 
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substitution of J which transforms a generator s of G into its 7th power. The 
orders of all the substitutions of A’ which transform s into its x power are the same 
as those of the direct product of the divisions in the holomorphs A’,, A). ---, A), 
which transform the generators of G,, G,,---, G,, respectively in the same 
manner as ¢ does. The number of sets of conjugates among these g substitu- 
tions is clearly equal to the product of the numbers of the sets of conjugates in 
the given divisions of A\,---, A,,. 

The following examples may serve to exhibit more clearly some of the proper- 
ties mentioned above. Ifg = 100 anda = 9 the orders of the operators obtained 
by multiplying G into ¢ are the same as those in the direct product of the cyclic 
group of order 4 and the division in the holomorph of the cyclic group of order 
25 which transforms the operators of this cyclic group into their 9th powers. 
As all the operators of the latter division are of order 10, ¢ is of order 10 and 
has 25 conjugates under A. There is another set of 25 conjugates of this order, 
while the remaining 50 operators of A’ which transform s into the 9th power 
are of order 20 and from a single set of conjugates under A. If g = 100 and 
a= 3 there are evidently two equal sets of conjugates, each of the 100 opera- 
tors being of order 20. 

It is very easy to determine the degrees of all the substitutions of A’. Since 
the substitution ¢ is in J its degree is less than g. We may suppose that it 
omits the first letter of G. If it omits any other letter it must be commuta- 
tive with the substitution in which the first letter is replaced by this second. 
That is, if ¢ is of degree g — B it is commutative with just B substitutions of 
G. The number of its conjugates under G (which is clearly equal to the num- 
ber of its conjugates under A’) is y/8. All the other products obtained by 
multiplying G by ¢ must be of degree y, otherwise A’ would contain a transi- 
tive subgroup in which the average number of letters would not be g—1.* It 
is clear that the condition in regard to the average number of letters in the sub- 
stitutions of a transitive group requires that in each division of A with respect 
to G this average number is g — 1. 

The result of the preceding paragraph may be stated as follows: Jf any sub- 
titution t of I is commutative with just 8 substitutions of G its degree isg —B 
and it has g/8 conjugates under K. All the products obtained by multiply- 
ing G by ¢ are of degree 7, with the exception of these g/8 conjugates of ¢. 
For instance, in the first example of the next to the preceding paragraph, there 
are 25 substitutions of degree 96 and 75 of degree 100. In the second example 
there are 50 of degree 98 and 50 of degree 100. 

It is evident that J can be represented as a regular group of degree $(¢) 
since each of its substitutions must permute all the generators of G and these 
generators can be permuted transitively. In fact, this regular group is one of 


CE. Bulletin of the American Mathematical Society, vol. 2 (1895), p. 75. 
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Let s represent any operator of G, and let ¢ represent any operator whose 
order is of the form p? in Z|. Suppose that 


= 8,8, = 8,8,, » = 8,.18,- 


It is known that the order of s,,., is lower than that of s,.* From the equa- 


tions 
( st)" = stst“'¢ st-* t*—'st'-" t" 


n—1)...("—r) 


nin—1) 


where the omitted factors in the last member are of a lower order than s,, it 
follows that st is of the same order as it would be if s and ¢ were commutative 
and independent. That is, the order of s¢ is the least common multiple of the 
orders of s and ¢. If the order of ¢ is not of the form p? then s¢ is of the same 
order as ¢ since ¢ is not commutative with any operator of G’, besides the iden- 
tity and J, is abelian. 

From the results of the preceding paragraph we can readily determine the 
number of operators of a given order in A,. Zhere are just (n) p™ operators 
of order n in n representing any divisor of pe—'(p,—1) which is not 
of the form p®. The orders of the remaining operators are of the form 
p? and there are pX®-”(p?—1) of this order whenever B <2,. When 
B = 2, there are pie? (p, —1) operators of order p®. In exactly the same 
manner as in the preceding case it may be seen that all the operators of the 
same order which may be obtained by multiplying the operators of |G, by 
any one operator of J, form a complete set of conjugates under A. Hence the 


eyclic subgroups of order p™ in A’, are conjugate in sets of 
1, p, 1, p,(p, —1), —1). 


These results can readily be applied to the holomorph A’ of the general cyclic 
group G. In the first place, A’ contains only ‘one invariant eyclic subgroup 
of order g whenever g is not divisible by 8. If g is divisible by 8 then K 
contains just two such subgroups, having g/2 common operators. This result 
follows directly from the facts that A’, contains only one invariant cyclic sub- 
group of order p™ and that A’, contains one or two invariant cyclic groups of 
order 2” according as z, < 30r2,=>3. The group of isomorphisms of G will be 
denoted by J and it will be assumed that A’ is represented as) a transitive sub- 
stitution group of degree gy. Hence G must be regular.¢ Let ¢ represent the 

“Bulletin of the American Mathematical Society, vol. 7 (1901), p. 351. 


+ If a transitive group of degree 7 contains an invariant cyclic subgroup of order 7 this cyclic 
subgroup must be regular. If the sabgroup were non-cyclic it would not need to be regular. 
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substitution of J which transforms a generator s of G into its 2th power. The 
orders of all the substitutions of A’ which transform s into its ~ power are the same 


which transform the generators of G,, G,.---, G,, respectively in the same 


as those of the direct product of the divisions in the holomorphs A’, 
manner as ¢ does. The number of sets of conjugates among these g substitu- 
tions is clearly equal to the product of the numbers of the sets of conjugates in 
the given divisions of A,,---, A. 

The following examples may serve to exhibit more clearly some of the proper- 
ties mentioned above. Ifg = 100 and « = 9 the orders of the operators obtained 
by multiplying G into ¢ are the same as those in the direct product of the cyclic 
group of order 4 and the division in the holomorph of the cyclic group of order 
25 which transforms the operators of this cyclic group into their 9th powers. 
As all the operators of the latter division are of order 10, ¢ is of order 10 and 
has 25 conjugates under A’. There is another set of 25 conjugates of this order, 
while the remaining 50 operators of A’ which transform s into the 9th power 
are of order 20 and from a single set of conjugates under A. If g = 100 and 
a= 3 there are evidently two equal sets of conjugates, each of the 100 opera- 
tors being of order 20. 

It is very easy to determine the degrees of all the substitutions of A’. Since 
the substitution ¢ is in J its degree is less than g. We may suppose that it 
omits the first letter of G. If it omits any other letter it must be commuta- 
tive with the substitution in which the first letter is replaced by this second. 
That is, if ¢ is of degree g — B it is commutative with just B substitutions of 
G. The number of its conjugates under G (which is clearly equal to the num- 
ber of its conjugates under A’) is g/8. All the other products obtained by 
multiplying G by ¢ must be of degree y, otherwise A’ would contain a transi- 
tive subgroup in which the average number of letters would not be g—1.* It 
is clear that the condition in regard to the average number of letters in the sub- 
stitutions of a transitive group requires that in each division of A with respect 
to G this average number is y — 1. 

The result of the preceding paragraph may be stated as follows: Jf any sub- 
titution t of I is commutative with just B substitutions of G its degree is g — B 
and it has g/8 conjugates under K. All the products obtained by multiply- 
ing G by ¢ are of degree 7, with the exception of these g/8 conjugates of ¢. 
For instance, in the first example of the next to the preceding paragraph, there 
are 25 substitutions of degree 96 and 75 of degree 100. In the second example 
there are 50 of degree 98 and 50 of degree 100. 

It is evident that J can be represented as a regular group of degree ¢(q) 
since each of its substitutions must permute all the generators of G and these 
generators can be permuted transitively. In fact, this regular group is one of 


* Cf. Bulletin of the American Mathematical Society, vol. 2 (1895), p. 75. 
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the transitive constituents of J and each of its other constituents is also reg- 
ular. As J is the group formed by combining the ¢(qg) numbers by mul- 
tiplication and replacing the products by their least positive residues modulo 


generalized theorem (a®*” = 1 modgq) is merely a statement 


of the fact that the order of Iis divisible by the order of each of its substi- 
tutions. 

When g = p", p being any odd prime, J contains « transitive constituents 
whose orders are p®(p—1), B=90, 1,---, a—1, respectively. If y>68 
then the constituent of order p’( p — 1) has a ( p’~®, 1) isomorphism with the 
constituent of order p®(p—1).¢ Hence J contains just p—1 substitutions 
of degree }(y) and its structure as a substitution group is completely deter- 
mined. When p=2 J contains only «— 1 transitive constituents and the 
given subgroup of order p’~° is generated by a substitution corresponding to s, 
in J, as used above. Hence in this case J is also completely determined as a 
substitution group. 

It has been observed that J always contains one transitive constituent of 
order 6(g). When a, = 1 there is one more constituent of this order. In all 
other cases there is only one such constituent since the group of isomorphisms 
of every subgroup of J is of a lower order than J. When «,=0 there are 
(a,+1)(a,+1)---(«,+1)—1 transitive constituents in J while there are 
(a, +1)(4,+1)---(4,+1)—2 such constituents in all other cases.$ As 
$(q) is the order of the constituent formed by the direct product of the con- 
stituents representing the permutations of the operators in the subgroups of 
orders 2%, p™, +--+, p% respectively it follows that J contains substitutions of 
degree b(q) only when g = p*. 

The preceding results are sufficient to determine J as a substitution group. 
It is only necessary to determine the isomorphisms between the given regular 
constituent of order ¢(q¢) and the remaining regular constituents. As each of 
these constituents represents the permutation of the operators of highest order 
in some subgroup of G', the required isomorphism is equivalent to determining 
all the permutations of the operators of highest order in G which do not affect 
the generators of this subgroup. The latter can be directly obtained from the 
powers of the primes which enter into the order of the subgroup. 

It has been observed that the group of isomorphisms (J’) of A’ is the same 
as Jy itself whenever the order ( 7) of G is odd. We proceed to find the order 
of J’ when gis even. Representing A as an intransitive substitution group 
whose transitive constituents are A), XK, +++, A,,, we shall first determine what 


groups may correspond in the holomorphisms of A’ to A’,, « having any one of 


a? 
*Annals of Mathematics, vol. 2 (1900), p. 77. 

t Bulletin of the American Mathematical Society, vol. 7 (1901), p. 350. 
tCf. DIRICHLET, Zahlentheorie, 1894, p. 17. 
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the values 1,2,---,m. Since every subgroup of G* is a characteristic sub- 
group of A’ the group which corresponds to A’, must involve all the letters of 
K,. As A, is a complete group the corresponding group must be either A, 
itself or it must involve A’, as one of its transitive constituents. We proceed 
to prove that in the latter case the other constituents must be the invariant 
substitution ( S’) of A’, which is not the identity. 

This follows immediately from the fact that each of the substitutions of A, 
is commutative with all the substitutions in the direct product of the remaining 
partial holomorphs A’\,, A\,---, A,,. As the corresponding group must have 
the same property with respect to a similar group it is proved that in any simple 
isomorphism of Iv with itself each of the partial holomorphs K,, K,,--+, K,, 
either corresponds to itself or to the group obtained by multiplying half its 
operators by S’. In these holomorphisms S’ cannot be multiplied into an 
operator of G and hence XX, can correspond to two and only two subgroups of 
kK. The partial holomorph A’, must always correspond to itself. 

From the preceding paragraph it follows that J’ contains a subgroup of 
order 2” which includes no operator whose order exceeds 2 and which has only 
the identity in common with J” the group of cogredient isomorphisms of A’. 
Each of these 2" operators is commutative with every operator of J” according 
to the following evident theorem: Any operator of the group of isomorphisms 
which corresponds to a holomorphism obtained by multiplying half the operators 
of the group by an invariant operator of order 2 is commutative with every 
operator in the group of cogredient isomorphisms. Hence J’ must always 
include the direct product of 7” and this abelian group of order 2". When a, = 1 
it is clear that 7’ contains no operators besides this direct product, and when 
a, = 2 the order of J’ is twice the order of this direct product. We proceed to 
prove that for all other values of a, the order of J’ is four times the order of 
this direet product. 

To prove this it is only necessary to determine the order of the group (Z;) of 
isomorphisms of A’). Consider the divisions of A’, with respect to G,. One of 
these contains 2”~—' substitutions of order 2”~* and of degree 2” — 2 while its 
remaining substitutions are of degree 2” and of order 2”~'. The substitutions 
of each of these two sets must correspond to themselves whenever G‘, corres- 
ponds to itself. As any two substitutions, one from each of these sets, generate 
one half of A’, and as the division which transforms each operator of G’, into its 
inverse contains only two substitutions which are commutative with a substitu- 
tion of the first set, it follows that the number of the operators in J}, which 
transform G, into itself, cannot exceed 2%~'-2~-'-2. Hence the order of 
I; cannot exceed 4 - 2°~~'); i.e. four times the order of the group (7) of 
cogredient isomorphisms of 

* When g is divisible by 8, G itself is not a characteristic subgroup of K. In this case G has a 
double holomorph of degree g. 
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It remains only to prove that 7; contains operators which transform G, into 
itself but are not found in 7”. Such an operator of order 2 corresponds to the 
simple isomorphism of A’, which may be obtained by multiplying by S’ all the 
operators obtained by multiplying G, by all the operators of order 2*°-* in J in 
order. Hence the theorem: Zhe order of the group of isomorphisms of K 
is 2", 2"*' or 2"+* times the order of its group of cogredient isomorphisms as 

* 


1,2, or> 2. 


*Cf. BURNSIDE, Theory of groups of finiie order, 1897, p. 242. 


| 
| 


| 
| 


QUADRIC SURFACES IN HYPERBOLIC SPACE* 
BY 
JULIAN LOWELL COOLIDGE 


Introduction. 


The object of this paper is to classify quadric surfaces in a three-dimensional 
space of constant negative curvature, and to exhibit some of their more striking 
metrical properties. The system of codrdinates used is the usual projective one, 
and, as we shall always take a tetrahedron of reference self-conjugate with regard 
to the Absolute, the equation of the latter will appear in the form 


= 0. 


The first broad line of demarcation is naturally between those surfaces which 
have a vanishing discriminant, and those which have a non-vanishing one. We 
shall oceupy ourselves only with surfaces of the latter type. 

The next great division is into ruled surfaces, non-ruled ones, and surfaces 
whose equations are definite forms. This classification depends upon the signs of 
the discriminant and its leading minors, according to certain familiar principles. 

We then come to the metrical properties of quadrics. These arise from the 
various possible relations to the Absolute, so that the next problem is that of the 
classification of the mutual relations of two quadrics. This has been success- 
fully solved by a number of writers, in particular, by Hesse t and CLesscu.{ Yet 
from the strict point of view of a dweller in a hyperbolic space this last classifi- 
eation is not wholly satisfactory, for it is at once too inclusive and too ill-defined. 
It is too inclusive, for we are interested only in real surfaces, and must distin- 
guish between real and imaginary curves of intersection. The Absolute has no 
real generators, so that we must exclude those cases where the two surfaces cut 
in one or more generators. It is not sharp enough, for if we search for the 
shape of our surface, we wish to know whether the curve which it cuts from the 
Absolute—the absolute curve, let us say 


and the corresponding focal developable 
are real or imaginary ; whether there be real vertices to the common self-conju- 
gate tetrahedron ; etc. Furthermore, we care not at all for those surfaces, analyt- 


* Presented to the Society April 26, 1902. Received for publication September 1, 1902. 
{t HEsSE, Vorlesungen tiber Geometrie des Raumes, third ed., supplement 4, section 4. 
{ CLEBSCH, Vorlesungen iiber Geometrie, vol. 2, 2° Abtheilung, sections 10 and 12. 
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ically real, which lie entirely in the ultra-infinite or ideal portion of space. 
Nevertheless, it will be convenient to take CLEBSCH’s classification as the basis 
of our work, and to use his numbering of the various cases for convenience of 
reference. 


§ 1. Central quadrics. 


Let us begin with case 1 (CLEBSCH) where the absolute curve is a twisted 
quartic. There are four cones, called the central cones, passing through this 
curve, whose vertices may all be real, or two may be conjugate imaginary. The 
important point is that they can not all be imaginary. Consider the question 
as follows. The vertices of the cones are also the vertices of the common self- 
conjugate tetrahedron of the surface and Absolute. If two vertices be conju- 
gate imaginary points, the line joining them will be real, and the opposite 
edge, the polar of the first, will be real also. Now if we have two mutually 
polar lines with regard to a non-ruled quadrie such as the Absolute, the one will 
fail to meet it in real points and, hence, bear an elliptic involution of conjugate 
points. This involution must have a real pair common with the involution of 
points conjugate with regard to the other surface * and these will be the two 
real vertices on that line. We shall at first restrict ourselves to the case where 
the four vertices are real. If Obe such a vertex and a line through it meet 
the absolute in QQ, and the given surface in ?P,, we see, using VON STAUDT’s 
symbol of projectivity, QOQ,Px QY,OQP, x QGP,Q,O. Remembering 
CaAYLEY’s projective definition of distance, we see from this that OP = P,O 
or O is a centre to the surface. The surface has one actual, and three ideal 
centres. The opposite planes are planes of symmetry. 

Let us now be more specific, and call those quadrics which cut the Absolute 
in a real curve, hyperboloids, and those which fail to meet it ellipsoids. We 
shall need to consider, not only the curve, but the focal developable. An ellip- 
soid is actual only when the developable is imaginary ; in the case of the hyper- 
boloid, the nature of the developable determines the shape of the surface. A 
non-ruled hyperboloid is coneave towards ,its centre when the developable is 
real, otherwise convex ; a ruled hyperboloid is two-sheeted in the former, and 
one-sheeted in the latter case. These indications will enable us to write the 
equations of the five central surfaces. 

Ellipsoid, 

a,x; + + a,>a,>a,>a,>9. 

Concave, non-ruled, hyperboloid, 


+ a,x; + av, — 


* von Stiupt, Beitrige zur Geometrie der Lage, p. 52. 


| 
| 
| 
| 
| 


1903] IN HYPERBOLIC SPACE 163 


Convex, non-ruled, hyperboloid, 


a, a, 2%, — 4,2; — = 0, 0. 


Two sheeted ruled hyperboloid, 


9 


a, 2; + 4,2; — 4,23 — 4,2, = 0, 0. 
One sheeted ruled hyperboloid, 
a,x; + a,x; — a,x; — a,x, = 9, é,><4¢,>4,> 90. 


What are the Cayleyan characteristics of the twisted quartic?* The oscu- 
lating developable is of class 12 and order 8; there are 16 stationary planes, 38 
lines in every plane which lie in two osculating planes, 2 lines meeting the curve 
twice pass through every point, 16 points in every plane lie on two tangents to 
the curve, and 8 planes through every point touch the curve twice. In inter- 
preting these, let us remember that a conic having double contact with the 
Absolute comes under the general head of circle. If the chord of contact be 
ideal, the centre is actual, and we have a proper circle; if the chord be actual, 
the centre is ideal, and the curve is the locus of points at a fixed distance from 
the chord, an equi-distant curve, let us say. When the chord is tangent to the 
Absolute, the curve has four-point contact, and is called a horoeycle: it is an 
orthogonal trajectory of a set of parallel lines. With these facts in view we see 
that: 

Through every point will pass 12 planes cutting the surface in osculating 
parabolas ;+ 

Through every line will pass 8 planes of parabolic section ; 

16 planes cut the surface in horocycles ; 

Every point is the centre of one section ; 

16 points in every plane are the centres of circular sections ; 

Through every point pass 8 planes of circular section. 

Of these statistics, the most interesting are the ones that deal with cyclic 
and horocyeliec sections. The circular sections are in planes tangent to the four 
central cones, the ray of tangency forming the chord of contact of circle and 
Absolute. Let us look more closely at the question of real and imaginary 
circles, for only the former possess any geometrical interest. To be precise we 
will start with the following hyperboloid: 


a,x; + a,x; — a,x; —a,xi=0, a a,>a,> 9. 
*SALMON, Geometry of Three Dimensions, p. 312. 
tStrory, American Journal of Mathematics, vol. 5 (1882), p. 358, calls this curve a 
‘* semi-circular parabola.’’ 


| 

| 

| 

| 

| 

| 

| 


164 J. L. COOLIDGE: QUADRIC SURFACES [April 


The equations of the four central cones are: 

1) (a, —4,)a? + (a, — — (a, + = 0, 
vertex at (0,0, 0,1), surrounds (0, 0,1, 0); 

2) (a, + a,) + (a, + — (a, + a,) = 0, 
vertex at (0, 0,1, 0), surrounds (0, 0, 0,1); 

3) (a, — a,)x? — (a, + —(a,—a,)xi =9, 
vertex at (0,1, 0,0), surrounds (0, 0,1, 0); 

4) (a, — — (a, + 4,)23 — (a, —a,)22 = 0, 
vertex at (1,0, 0, 0), surrounds (0, 1); 


for each cone surrounds a vertex opposite to a face it cuts in imaginary lines. 
If two cones surround one another’s vertices, every ray of each meets two rays 
of the other. This is the case with cones 1 and 2, hence every ray of 2 meets 
the Absolute in real points. A plane tangent to either of these cones will cut 
the surface in an equidistant curve. Cone 3 has real rays in x, = 0, hence 
some of its rays fail to meet the Absolute in real points. In the plane x, = 0 
cone 4 has the lines 


V a— a, )(x, a, —4,) 0, 


which are both ideal. Some rays of this cone also do not meet the Absolute. 

Let us next consider the point (0,1,0,1). It lies without cones 1, 2, 3, 
but within cone 4 and is on the Absolute. Then every point on the Abso- 
lute will be situated in that same way, or else be within the first three cones, 
and without the last one; for the question of externality is not altered as we 
move about the Absolute until we cross the curve, when the relation to each 
cone is reversed. There are also, clearly, points within the Absolute, actual 
points, which are without three cones, and within the fourth; but none which 
are without all four. For if there were such a point, we could pass thence to 
any other point outside all the cones, say a point in the close vicinity of 
(1,0, 0,0) without ever being inside any cone, but this is impossible as at 
some time during our journey, we should have to pierce the Absolute. There 
are, however, actual points within all four cones. It is noticeable, by similar 
reasoning, that no actual point is without both cones 3 and 4. Summing up, 
we reach this theorem : 

The maximum number of real planes of circular section through an actual 


point is six; in only two of these can we have proper circles. 
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It will be found that a like result holds in the case of the other hyperboloids. 
For the ellipsoid but two of the cones are real, one surrounding all actual 
points, the other surrounding none. There are thus two planes of circular sec- 
tion through each actual point, and these cut the surface in proper circles. 

Let us now look at the sixteen horocyclic sections. The points of osculation 
with the absolute curve lie by fours in the faces of the tetrahedron.* Two faces 
will cut the curve in imaginary points and two in real ones, so that the 
hyperboloid has eight real horocyclic sections. The ellipsoid, naturally, has 
none. 

A system of quadrics touching the same focal developable may properly be 
called a confocal system. The theorems connected therewith bear the closest 
analogy to the corresponding ones in Euclidean geometry. The quadries touch- 
ing the four planes of symmetry degenerate into conics, called the focal conics ; 
each passes through two foci of the other. When the focal developable is imag- 
inary, we may employ the usual proceeding and show that through each actual 
point will pass an ellipsoid, a ruled, and a non-ruled hyperboloid. When the 
developable is real we are driven to employ some other procedure, for instance 
the following. Through an actual point will pass two pairs of conjugate 
imaginary planes touching all of the confocal surfaces, hence there are three 
real mutually perpendicular planes which are conjugate with regard to the 
whole system. The generators at this point of the three quadrics meeting there 
are the pairs of intersections of the four planes first mentioned, only one pair 
being real. This shows that when the developable is real, through an actual 
point will pass one ruled and two non-ruled hyperboloids. 

Our general class of central surfaces includes also those with two imaginary 
centres. These centres will lie on a line cutting the surface, the Absolute, and 
the two real central cones in pairs of an elliptic involution. The absolute curve 
and focal developable will both be real. The central cones will bear to one 
another the relation of cones 3 and 4 in the preceding discussion, so that through 
no actual point may we pass more than two real planes of circular section. Three 
confocals will pass through a point, and two focal conics will be real, though in 
the ideal region. 

To form the equation, we may assume that (1, 0,0,0) and (0,1, 0,0) are 
the poles of +, = 0 and x, = 0, respectively ; furthermore, the surface must cut 
x,=0,x2,=0 ina pair of points separated by (0,0,1,1), (0,0, i,- 1). 
We thus get 


2 2 2 9}, \2 q 2 
+ a,x; + a,x; — + = 0, (2b)? > (a, + a,)°. 
The surface is ruled if 


* SCHROTER, Raumkurven 4'*" Ordnung, p. 85. 
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§2. Paraboloids. 


Under this general heading, we shall include all those surfaces which touch 
the Absolute. The first are those that come under case 2 and have a nodal 
quartic as their absolute curve. There will be hyperbolic and elliptic sub-cases, 
according as the rest of the curve is real or imaginary. The properties of the 
latter may be quickly deduced from those of the ellipsoid. Two real planes of 
circular section will pass through an actual point, there are no horocyclic sec- 
tions, and the developable is imaginary. 

The hyperbolic paraboloids may be ruled or otherwise. Two centres coalesce 
at the node, two others lie in the tangent plane there and are, hence, real. The 
node may be an intersection of two branches of the curve, or an isolated point, 
but this difference is immaterial for our purposes. 

There will be, as before, a distinction between those surfaces which have a 
real, and those which have an imaginary focal developable; the nodal tangent 
plane counting double in either case. When the developable is real, we shall 
have three real focal conics, otherwise but two. Three confocal surfaces will 
pass through a point. To find the simplest form of equation, we may assume 
once more that the product terms in x, and x, vanish, and that the surface 
touches x, — x,= 90 at (0,0,1,1). 

We easily get 

a,x} + a,x; + + 


The criteria for the various sub-cases are obtained by regarding the sign of 
the discriminant and the question of reality for the cone from the node to the 
absolute curve and the focal conic in the special tangent plane. We thus get: 

Elliptic paraboloid, 


9 

at, 0 
~s 

2a, a, +, a,>a,> 


Tubular, hyperbolic paraboloid, non-ruled, 
9 
a,a,>9, a>a,>9, 2a,>a,+ 4,. 


Cup-shaped, hyperbolic paraboloid, non-ruled, 


a 
28. a,>a,>0. 
a, 


Open, ruled, hyperbolic paraboloid, 
a,>a,>0, a, <0< 2a, <a,+ 


Gathered, ruled, hyperbolic paraboloid, 


2a,>a,+a,>9, a,>a,>90>a,. 


| 
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Somewhat different results will be obtained under case 3 where the absolute 
eurve has acusp. Both curve and developable are necessarily real, there are 
two horocycles, and two real focal conics. The equation may be written as that 
of the most general quadric cutting the Absolute in the same curve as a cone 
whose vertex is at (0, 0, 1, 1), and which touches x, — x, = 0 along the inter- 
section with x, = 0, the polar of (1,0,0,0). We obtain: 


a,x; + + + (a,+ 1) — 


Writing the discriminant, we see that the surface is ruled if a, <0. 

In case 7 the absolute curve is two conics touching one another. Sub-cases 
arise through the option of real or imaginary conics. When the conics are real, 
there is one real central cone, so that two circular sections may pass through an 
actual point, the curve being, however, strictly speaking, an equidistant one. 
When the conics are imaginary, the cone is still real, but surrounds all actual 
points, as we see by a continuous change to the case where the two conics coal- 
esce ; there are no real circular sections. The number of horocycles is, in either 
case, singly infinite. The focal developable becomes imaginary with the conics ; 
also, when the conics are real, if the surface be ruled. The developable is, in 
fact, two quadric cones. 

To write the equations of the horocyclie paraboloids, we may take the vertex 
of the one central cone at (1, 0, 0,0), and have the planes of the conics har- 
monically separated by x, = 0 and x,—2,=0. So we get 


+03 + [(1+a)x, + (1—a)2,] 


The hyperbolic case will arise if (1 —a,)/a>0. The surface is ruled if a, <0. 
Closely allied to this is case 10 where the absolute curve is a conic and two 
imaginary straight lines meeting on it. The conic must be real, since its plane 
is real and actual; the surface cannot be ruled. There is a singly infinite set 
of horoeyclic sections, but no circular ones. The focal developable will be a 
cone and two imaginary generators. The equation takes the simple form : 


+ + 72, (2, x,) 0. 


$3. Surfaces of revolution. 


The next case, 6, is where the absolute curve is two intersecting conics. We 
shall restrict ourselves at first to the case where the line of intersection of the 
planes of the conics is ideal. The sections in planes through this line will be 
circles. Their centres will lie on the polar of the line, and their planes will be 
perpendicular thereunto, so that the surface is one of revolution. There will 
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be no horocyelie sections, and the developable will be a pair of cones. There 
will be four sub-cases : 

1) The planes of the conics are both ideal. 

2) The planes of the conics are both imaginary. 

3) The planes of the conics are both actual. 

4) One plane is actual and one ideal. 

The first two suppositions give us ellipsoids. There is, however, an impor- 
tant distinction which arises from the following consideration. In an ellipse, the 
real common chords with the Absolute are perpendicular to the minor axis. 
The first sub-case will then be the oblate spheroid, while the second is the pro- 
late. In neither case are there additional circular sections. 

Under the third supposition we may get both ruled and non-ruled hyper- 
boloids and among the latter there will be some which are convex to the centre, 
while others are concave. The first are obtained by rotating a convex hyper- 
bola about the conjugate axis, the second by rotating it about the transverse 
axis, and the third by rotating a concave hyperbola. 

In writing the equations we may take x, = 0, 2, = 0 as our ideal line. 

The typical equation is 
The criteria are: 


Prolate spheroid, a,>1>a,>9. 
Oblate spheroid, 1>a,>a,>9. 


Concave hyperboloid of revolution, a, >a,>1. 


Convex hyperboloid of revolution, a,<a,<90. 


Ruled hyperboloid of revolution, a,<0<a,<1. 


Sub-case 4 is a very different configuration. The surface can not be ruled, 
and we easily see that it is obtained by rotating a semi-hyperbola about its line 
of symmetry. The focal developable consists ‘of two cones, one being real. In 
finding the equation, we may take , = 0 as the plane of the real conic: the other 
plane is to meet it in the same line as x7, = 0. This gives: 


9 9 9 
vi + a,x; — =0, b?>(a,—1)’. 


There are some more special surfaces of revolution which naturally come 
before us at this point. In case 8 we have a conic and two intersecting lines as 
our absolute curve. The plane of the conic may be actual or ideal. The focal 
developable consists of a cone, together with the two lines. The surface is a para- 
boloid of revolution, obtained by rotating a parabola about its line of symmetry. 


| 
| 
| 
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There will be elliptic and hyperbolic paraboloids; the latter divided between 
tubular ones and cup-shaped ones, for which last the Absolute touches an ideal 
sheet of the surface. These, like the elliptic ones, yield an imaginary develop- 
able. In finding the equation, we may assume that the absolute curve lies in 
the planes «, 


—2x,=0,x,=0 for the elliptic case, and »,—7,=0,7,=0 
for the other. Hence ' 


> 
+ + a,x, + (1 a, 0. 


For the elliptic paraboloid we must have a; <1 to insure an actual surface. 
The hyperbolic paraboloid will be tubular if 1 > a,> 0. 

The last surface of revolution is the remarkable one coming under case 9. 
The absolute curve is two pairs of edges of a tetrahedron; a plane through one 
of the remaining real edges will cut the surface in a circle or equidistant curve. 
The surface may be obtained by rotating an equidistant curve about its line of 
symmetry, or moving a circle of constant radius along a line through its centre, 
perpendicular to its plane. It is the simplest type of canal surface, and is the 
exact analogue of Clifford’s surface of parallel lines in elliptic space.* The 
equation is: 


§4. Surfaces of translation. 


The surface last considered serves as a natural bridge to our next class, where 
the planes of the two conics forming the absolute curve intersect in an actual 
line. Such a surface will be eut by every plane through this line in an equi- 
distant curve, and is described by moving a conic of constant magnitude in such 
a way that its axes trace fixed planes whose intersection is ever perpendicular 
to the plane of the conic; the analogue, from one point of view, of a right 
cylinder in Euclidean space. 

There will be elliptic and hyperbolic sub-cases. For the former we shall 
have two real central cones, whereof but one surrounds all actual points, so that 
through every actual point will pass two planes cutting the surface in proper 
circles. When the surface is hyperbolic there are two real cones situated like 
2 and 4 in the discussion of § 1; no actual point lies without both, and they 
will yield, at best, two equidistant curves in planes through a chosen point. 

In finding the equation, we may assume that the planes of the conics are 
harmonically separated by x, = 0, x, = 0, giving 


ari + 


*Cf. KLEIN, Zur nicht-euklidische Geometrie, Mathematische Annalen, vol. 37 (1890) 
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We shall have an ellipsoid if a, > a,> 1. 

We shall have a hyperboloid if «4, >1> a,, ruled if a,<0. The ruled 
surface will be obtained by transporting a convex hyperbola, otherwise we get 
the non-ruled surface. 


§ 5. Spheres. 


There remain to us only those surfaces which come under the general head of 
spheres. In case 12 the absolute curve is a conic counting twice. If the conic 
lie in an ideal plane, every section of the surface will be a circle, and we have a 
sphere whose centre is the pole of the plane. When the plane of the conic is 
actual, the perpendicular distance thence to the surface is constant, and we have 
an equidistant surface. The respective equations will be: 


2 

+ 0, 1> a,> 0; 
” o 

+ a,x, — =0, e,>1. 


In case 13 the absolute curve is a pair of straight lines counted twice. 
Every plane through their intersection will cut the surface in a horocycle, other 
planes will eut it in circles. This is the horocyclic surface of zero curvature. 
Its equation will be: 


HARVARD UNIVERSITY, 
September, 1902. 


= 


UEBER DIE REDUCIBILITAT DER REELLEN GRUPPEN 
LINEARER HOMOGENER SUBSTITUTIONEN * 


VON 
ALFRED LOEWY 


Eine Gruppe @ linearer homogener Substitutionen in » Variablen mit aus- 
schliesslich reed/en Coefficienten nenne ich nach §4 meiner in diesen Trans- 
actions, vol. 4, pp. 44-64, erschienenen Arbeit, “Ueber die Reducibilitit 
der Gruppen linearer homogener Substitutionen,” die ich im Folgenden mit I 
citire, reell irreducibel, wenn es keine Matrix P von nicht verschwindender 
Determinante giebt, dass die Matrices siimtlicher Substitutionen der Gruppe 
G = PGP von der Form: 


Ay gg 0 0 
a @ 0 0 Q 

ml m2 min 
@,, °° Im an +1m+1 mt+2 °°" G,, +1n 
an +21 a, + 2m 2m+l1 2m+2 °°" 2n 
aa Qe a, m q,, a, m+2 a,, n 


werden und ausschliesslich nur ree//e Coeffivienten haben. In dem vorliegenden 
Aufsatze beweise ich folgendes Theorem: Jst die Gruppe G eine reell irre- 
ducible Gruppe reeller linearer homogener Substitutionen in n Variablen, so 
ist sie entweder auch eine schlechtweg irreducible Gruppe oder es existirt eine 
Matrix R von nicht verschwindender Determinante, dass die Matrices simt- 
licher Substitutionen der ahnlichen Gruppe RG R-' von der besonderen Form: 


* Presented to the Society February 28, 1903. Received for publication January 8, 1903. 
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ure “1m 0 0 
a 0 0 
21 2m 
ml m2 m 0 0 0 
» 
0 0 a 
0 0 0 e, 


mi m2 mm 


werden, wobei und conjugirt imagindr sind und natiirlich nicht alle ¢,, 
reell sein diirfen, (i,k = 1,2, -++,m),n=2m ist, ferner die zwei Teilgrup- 
pen schlechtweg irreducible Gruppen bilden. Mit anderen Worten: Line 
nicht absolut irreducible, sondern nur reell irreducible Gruppe einer endlichen 
oder unendlichen Anzahl reeller linearer homogener Substitutionen ist einer 
zerlegbaren Gruppe: 


G,, 9 


ihnlich, wobei G,, und G', zwei absolut irreducible Gruppen in einer gleichen 
Anzahl von Variablen mit nicht ausschliesslich reellen Substitutionscoefficien- 
ten sind, die aus einander hervorgehen, indem man die Coefficienten in jeder 
Matrix der Substitutionen der einen Gruppe durch ihre conjugirt imaginiéren 
Werte ersetzt. 

Der angegebene Satz erledigt die Auffindung aller reell irreduciblen Gruppen 
linearer homogener Substitutionen vollstiindig, vorausgesetzt dass man alle 
schlechtweg irreduciblen kennt, ferner giebt das Theorem auch iiber die irre- 
duciblen Bestandteile irgend einer reellen Gruppe linearer homogener Substitu- 
tionen Aufschluss. 

§ 1. 

Wenden wir uns zum Beweise des angegebenen Satzes! Es sei G eine reell 
irreducible Gruppe reeller linearer homogener Substitutionen in n Variablen, 
die aber nicht absolut irreducibel ist; dann giebt es eine Matrix P von nicht 
verschwindender Determinante, dass die ‘ihnliche Gruppe G = PGP von der 
Form 


G, 9 


il 


G,, G,, 


wird; dabei bedeutet G',, einen Inbegriff von Matrices mit m Zeilen und m Co- 
lonnen (m <n), G,, einen Inbegriff von Matrices mit x — m Zeilen und m Colon- 
nen, G,, einen Inbegriff von Matrices mit n — m Zeilen und n — m Colonnen; 


0 
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G,,, G,, und G,, haben nicht lauter reelle Coefficienten. Ich benutze hierbei 
eine wohl unmittelbar klare symbolische Bezeichnung, wie ich sie auch I, S. 46 
anwandte. Man kann, was offenbar fiir die Gruppe G keine weitere Voraus- 
setzung einfiihrt und was wir daher auch annehmen, die Matrix P so gewahlt 
denken, dass die Gruppe G,, eine schlechtweg irreducible Gruppe ist. Anders 
ausgedriickt: G,, soll einer der absolut irreduciblen Bestandteile von G sein 
(1, S. 46). Da G@ eine reell irreducible Gruppe sein soll, so kann G,, keiner 
Gruppe reeller linearer homogener Substitutionen iibnlich sein. Unter ?” sei 
diejenige Matrix verstanden, welche aus P hervorgeht, indem man jeden Coef- 
ficienten von P durch seinen conjugirt imaginiiren Wert ersetzt. Ebenso seien 
G, G,, diejenigen Gesamtheiten von Matrices, die sich aus denje- 
nigen von G', G, G,,, 
durch ihre conjugirt imaginiiren Werte ersetzt. Durch Vertauschung jeder 


G,,, G.. ergeben, wenn man in jenen simtliche Terme 


Grosse mit ihrer conjugirt imaginiiren geht die symbolische Gleichung : 


(2) G= 
in 
(3) G = 


iiber. Dabei habe ich bald davon Gebrauch gemacht, dass die Matrices der 
Gruppe G, da G eine Gruppe mit ausschliesslich reellen Substitutionen ist, 
identisch mit den Matrices sind, die aus ihnen durch Ersetzen jeden Termes 
durch den conjugirt imaginiiren Wert erhalten werden; also G?= G. Offen- 
bar ist ferner fiir jede Matrix P: (P’)-'=(P-')’. Infolge der Form (1), 
die G= hat, folgt, dass die Gruppe G’ = P’G'( die Form 


(4) 


hat. Wir bilden uns jetzt die zerlegbare Gruppe /7, die man erhiilt, indem 
man eine jede Matrix von G durch die gleiche Matrix zu einer Gruppe der 


doppelten Variablenzahl erweitert und welche die Gestalt 
(5) 
0 G 

hat. Ferner construiren wir uns eine Matrix : 


P 0 


von 2x Variablen, die wir mit @ bezeichnen. 


= 0 
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PGP 


0 


geschrieben werden. Wir fiihren jetzt 


Yos 


dann wegen der Form (6) von //, da sich 


das Aussehen haben : 


REDUCIBILITAT DER REELEN 


0 0 
(6) G, G, 9 0 
0 @ 
o 0 @& 


Y,9 
ben sich nach der Gruppe // transformiren. 


GRUPPEN [April 


Die Gruppe QHQ-', die wir mit #7 bezeichnen, wird dann von der Form: 


0 


Diese Gruppe #7 kann wegen (1) und (4) auch 


to 


zwei Paare von je 2n Variablen y,, 


z’ ein und lassen diesel- 


Die Substitutionen von /7 werden 
G,, auf m Variablen (m < 7) bezieht, 


Yo = Cn Yy Yo Flom Yin 
Yn Cm +> C2 Y2 + + | 
, 
0 
(7) + Cis G4, 
Coat’ i+ 2 2+ + Com m 
‘} + Cn+1272 + + + + Lm+t~m-+1 +> + Catia 
~ 0 at oat 0 
Cnt a” i+ Ci, + + 2m + mt+2m+1 “ntl + + 2n~n 
a! 0 


Durch Einfiihrung von zwei Paaren von je 2n 


Relationen: 
(8) 


neuen Variablen durch die 


Ny v—-—l, 


Ny =V-l, 


k= 1,2, 


-1 
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und cogredient 


9 


=u, + iv,, k=1,2,---,n, 
(8,) 


=u, — iv,, k=1,2,---,n, i=V-—-—l, 


transformiren wir // in eine iihnliche Gruppe, die wir mit 7 bezeichnen. Die 


Substitutionen von // haben die Form: 


s=m ) e=m ” 
Cre t ‘ Cris 


s=1 = 


=D 9: u + 9 a (hk, 


s=1 


(9) 


s=n 


uy, => + i> (ke=m+1, m-—-2,---, 4), 


s=1 s=1 


Wie aus (9) hervorgeht, hat die Gruppe // lauter reelle Coefficienten und 
ist von der Form 


(10) 


hierbei bedeutet //7,, eine Gesamtheit von Matrices mit 2m Zeilen und 2m 
Colonnen, die den Transformationen der 2m Variablen wu,,, v,, in 
(k,=1,2,---, m) entsprechen. Die Gruppe //,, ist, wie aus der Einfiihrung 
der neuen Variablen durch die Gleichungen (8 ) und (8,) in (7) folgt, wenn 


man (6) beriicksichtigt, dihnlich zu der zerlegbaren Gruppe: 
(11) 


Wir haben nun in (5) fiir die reelle Gruppe 7, da G eine reell irreducible 
Gruppe ist, eine Zerlegung in ihre reell irreduciblen Bestandteile; dieselben 
sind die zweifach zu ziihlende Gruppe G. In I, §4, bewiesen wir einen Satz, 
der fiir reelle Gruppen folgendermassen lautet: Wie auch immer eine Gruppe 
reeller linearer homogener Substitutionen von endlicher oder unendlicher Ord- 
nung unter Hervorhebung ihrer reell irreduciblen Bestandteile in eine iihnliche 
reelle Gruppe transformirt wird, so kann man die reell irreduciblen Bestandteile, 
die sich bei irgend einer solchen Darstellung ergeben, den reell irreduciblen Be- 


H, 0 

21 22 

| 
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standteilen, die sich bei irgend einer anderen solchen Darstellung ergeben, ein- 
eindeutig zuordnen, dass zwei zugeordnete reell irreducible Teilgruppen stets 
gleichviele Variablen haben und iihnliche Gruppen sind. Aus diesem Theorem 
folgt, da JJ und H iihnliche reelle Gruppen sind, dass auch in (10) ebenso wie 
in (5) nicht mehr als zwei reell irreducible Bestandteile auftreten diirfen, von 
denen ein jeder mit G iihnlich sein muss. Daher ist #7,, notwendig reell irre- 
ducibel und mit G iihnlich. Die Gruppe //,, ist aber zu der durch (11) darge- 
stellten zerlegbaren Gruppe abnlich; mithin ist auch G zu dieser zerlegbaren 
Gruppe: 

0 
fihnlich. Erinnert man sich noch, dass G',,, wie wir voraussetzen durften, eine 
schlechtweg irreducible Gruppe war, so hat man den im Anfang des Aufsatzes 


§ 2. 
Aus dem bewiesenen Satz folgt als Corollar: Jede reell irreducible Gruppe 
einer endlichen oder unendlichen Anzahl reeller linearer homogener Substitu- 


ausgesprochenen Satz. 


tionen mit einer ungeraden Variablenzahl ist stets absolut irreducibel. 

Die Aufsuchung aller absolut irreduciblen Gruppen linearer homogener Sub- 
stitutionen erledigt mithin fiir eine ungerade Variablenzahl auch das Problem 
der Aufstellung aller reell irreduciblen Gruppen reeller linearer homogener Sub- 
stitutionen einer ungeraden Variablenzahl. 

Um alle reell irreduciblen Gruppen reeller linearer homogener Substitutionen 
in 2m Variablen zu finden, wobei wir iihnliche Gruppen nicht als verschieden 
ansehen, hat man auf folgende Art zu verfahren: Erstens sind die Repriisentan- 
ten fiir alle Gruppen reeller linearer homogener Substitutionen in 2m Variab- 
len, die absolut irreducibel sind, in reeller Form aufzustellen. Zweitens sind 
die Repriisentanten fiir alle verschiedenen absolut irreduciblen Gruppen G,, 
linearer homogener Substitutionen in m Variablen, die keiner Gruppe reeller 
linearer homogener Substitutionen in m Variablen iihnlich sind, zu bestimmen 


yy 


und jede derselben durch die Gruppe G'}, zu der zerlegbaren Gruppe; 


G, 0 


11 
( ) 0 G° 


in 2m Variablen zu erweitern und schiliesslich (11) durch die Transformationen 
(8) und (8,) in reelle Form iiberzufiihren. Um die Repriisentanten der reell 
irreduciblen Gruppen nur einfach zu erhalten sind von der Gesamtheit von 
Gruppen G,,, diejenigen, welche aus der Vertauschung von i mit — i hervor- 


gehen nur einfach zu verwerten; denn offenbar sind die zwei Gruppen: 


| 

| 

| 
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G,, 0 0 
und 
0 G 0 G,, 
ahnlich. 
§ 3. 


Hat man irgend eine Gruppe @ reeller linearer homogener Substitutionen, so 
kann man dieselbe stets in eine ‘ihnliche Gruppe ebenfalls reeller linearer homo- 
gener Substitutionen transformiren, welche die Form: 


Gy 0 0 0 0 0 
An Gn 0 0 0 0 
As a, 0 0 0 
Oyo ay, 0 0 
Qa, Ay; Ay, ay A-1 


hat; dabei sollen, was stets zu erreichen modglich ist, die Teilgruppen 4,, 
(¢=1,2,---2) ausnahmslos reell irreducible Gruppen sein. Entweder ist 
eine Gruppe a,, auch absolut irreducibel oder a,, ist durch eine Matrix P,; von 
nicht verschwindender Determinante in die shnliche Gruppe trans- 


formirbar, die zerlegbar ist und die Form: 


g, 9 
0 


hat, wobei g,, und g’. zwei absolut irreducible Gruppen bedeuten; diese beziehen 
sich nur auf die halbe Anzahl von Variablen, wie sie a,, hat, sie sind keiner 
Gruppe reeller linearer homogener Substitutionen ‘ihnlich und gehen auseinan- 
der durch Vertauschung aller Substitutionscoefficienten mit den conjugirt 
imaginiren Werten hervor. Hieraus folgt: Die absolut irreduciblen Be- 
standteile einer Gruppe reeller linearer homogener Substitutionen, welche 
keiner Gruppe reeller linearer homogener Substitutionen thnlich sind, lassen 
sich in Paare ordnen; zwei derartig zugeordnete Teilgruppen gehen ausein- 
ander hervor, indem man simtliche Substitutionscoeficienter durch die con- 
jugirt imaginiren Werte ersetzt. 

Eine jede Gruppe einer endlichen oder unendlichen Anzahl ree//er linearer 
homogener Substitutionen einer wngeraden Variablenzahl hat also eine in reeller 
Form darstellbare Teilgruppe, die absolut irreducibel ist. Dieselbe kann iibri- 
gens auch unter Umstiinden bei einer endlichen Gruppe die mehrfach, bei 
einer unendlichen Gruppe die unendlich viele Male wiederholte identische 
Substitution sein. 

FREIBURG I. B., 


December, 1902. 
Trans. Am. Math. Soc. 12 


ON THE POSSIBILITY 


OF DIFFERENTIATING TERM BY TERM THE DEVELOPMENTS 
FOR AN ARBITRARY FUNCTION OF ONE REAL VARIABLE 
IN TERMS OF BESSEL FUNCTIONS* 


BY 


WALTER B. FORD 


1. The developments for an arbitrary function f(a) of the real variable x 
in terms of Besseu’s function J,(«) (v real) may be classed into three general 
divisions as follows: 


(A, %) 
where 


el 


~ 
X,, being one of the positive roots of the transcendental equation J,(2) = 0. 
II. 
1 
0 1 


where 
2 
af (x) J, (rALa)dx, 
Jo ( ) ( ) 
X, being one of the positive roots of the transcendental equation 


(x) —vJ,(x)=9. 


Il. 


* Presented to the Society September 3, 1902. Received for publication September 30, 1902. 
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where 
fh(Qv +h) Jo 


X” being one of the positive roots of the transcendental equation 
ad) (A realand +0). 


With reference to these three developments it is our present purpose to 
determine a set of sufficient conditions for f(2) under which the series obtained 
by differentiating series I or II term by term will converge to the limit f(x). 
The discussion naturally presupposes some facts concerning the convergence of 
the series in question, or of some related series, and thus we shall begin by 
stating the following established results : * 

“Tf 

x 2°T(v+1) 2(2v+ 2 
(1) act 
and if f(x) is an arbitrary function of the real variable x defined throughout 
the interval 0 =x =1 we shall have for any special value of x within an 
interval (a’, b')(0< a’ <b’ <1) 


where 
9 


1 
Pa ) n ) 


X, being one of the positive roots of the transcendental equation P,(x) = 0; 


where 
2 9 


being one of the positive roots of the transcendental equation P/(2) = 0; 


(4) fe) = 


where 


* These results in so far as they are independent of statements respecting uniform convergence 
may be found on pages 266, 267 of the Serie di Fourier of DINI, and I have reason to believe 
from a communication received from Professor DINI that the statements concerning uniform 
convergence have likewise been established by the same author, but remain as yet unpublished. 
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2n”” 


r” being one of the positive roots of the transcendental equation 
(h+0) 

provided throughout that v> — 4} and that /(2) satisfies the following con- 

ditions. 

“Condition (a): f(x) when considered in the interval 0 = x =-1 is finite and 
either continuous or made up of a finite number of continuous portions. 

“Condition (b) : f(x) possesses finite first derivatives from the right and from 
the left at the point x. 

* Also, the above statement is true when — 1 < v = — } if in addition to these 
conditions we require that the function |x*” f(2)| be integrable in the neighbor- 
hood at the right of the point « = 0. 

“ Moreover, when v > — } the series (2), (3) and (4) converge uniformly to the 
limit f(a) when a’ <a <b'(0 <a’ <b’ <1) provided that the function f(x) 
when considered in the interval 0 = x = 1 satisfies condition (a), and when con- 
sidered throughout the interval a’ = x = b’ is continuous and possesses a finite 
first derivative from the right and from the left. And the same is true 
when — 1 <v = — } provided that in addition to these requirements the function 
2’ f(a)| is integrable in the neighborhood at the right of the point x = 0.” 

2. This premised, we shall now assume that we are dealing with a function 
J(«) which satisfies condition (a), but instead of condition (0) it satisfies the 


” 
P, 


following two conditions which place somewhat further restrictions upon it: 

Condition (c): f(#) when considered within the interval 0 <x <1 pos- 
sesses a continuous derivative f’(2) such that the function | /’ (#)|/a# when 
considered in the neighborhood of the point « = 0 remains always less than a 
fixed constant c. 

Condition (d): f(a) possesses a finite second derivative from the right and 
from the left throughout the interval a’ = x = b’. 

Assuming then that v > — 1 and that éonditions (c) and are satis- 
fied together with the condition when —1<v = —} that the functions 
|” f(a)| and |x**-'f’(a)| are integrable in the neighborhood at the right of 
the point x = 0, it is evident that for any special value of x such that a’ <a <b’ 
condition (4) becomes satisfied so that in particular we shall have (2) for such 
a value of x. And, if we admit for the moment the possibility of differentiat- 


ing the series term by term, we have for the same value of x 


(5) 


In order to justify (5) it suffices, as is well known,* to show that for the interval 


* Vid. Osaoop in American Journal of Mathematics, vol. 19, p. 155 et seq. 
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a’ <2 <b’ the series in (5) is uniformly convergent and we shall now show 
that this is the case when /(2) satisfies the conditions which we have supposed, 
together with one other, viz.,/(1)=90. In passing, however, let us observe < 
that from (1) we have 


(6) PA = 


Qu 42 
so that the series (5) may be written in the form 
Py 
(7) 


Now, utilizing the results stated at the beginning, we may write under the 
present hypothesis concerning (« ) 


” ” 
(8) 
where 
Qn” 


X” being one of the positive roots of the equation 


(10) =9, (h+0) 


and from the results stated above we know that (8) holds uniformly when 
a’ <a2<b’. From (6) we have 


. Ww+2_, 


and hence (10) may be written 


1+h 
(11) — =0, 
so if we take h = — 2v— 2 (which is consistent with A + 0 since y> —1) 
(10) reduces to 
2v+1 
(12) — = 0. 


But from (1) we have 


1 
Pi(2) + P,(x)=0, 


and hence (12) is equivalent to the equation P, (x)= 0, so that having taken 
h = — 2v — 2 we obtain a particular development of the form (4) in which 


= 
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X” =X, and in which the coefficients p” as given by (9) reduce to the more 
simple form 


“ 2 
(x )at? da, 


or again, utilizing (6), to 


2r? 
+2) 


1 
(13) opt, de. 
0 


In (13) let us now integrate once by parts, taking for this purpose 
dv = f' (x) dx and 
Then v = f(x) and noting that 
d 


dx 


Ps (2) = (2v + 2)a”*' P, (x) 


we have du = (2v + 2)a**"*' P| (A, x) dx, so that we may again write for p’ 


2r2 1 

Qn? 
(20 +2)P,)(A,) 


Therefore, since y> —1, we have but to assume that f(1)=0 in order to 
have the development (8) assume the form 


Thus the series (7) is a special form of the uniformly convergent series (8) and 
is therefore itself uniformly convergent (a’ <«# <b’). 

Keeping the same hypotheses respecting v and f(a) we may show also that 
the series (3) when differentiated term by term will converge to the limit /’(«) 
when a (0<a' <b’ <1). 

We have, in fact, upon differentiating both members of (3) 


(14) f (2) =D = — 
1 - 


1 
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where the last series may be shown as follows to converge uniformly for 


a 

From (6) the positive roots \’ which appear in (14) and which by hypothesis 
are roots of P’(x)=09 are the same as the positive roots of the equation 
P,,,,() =, and hence by (2) and the results stated at the beginning, we have 
uniformly when a’ <2 <b’ 


(2% 
(15) 
where 
(16 P(A, 2) da. 
But 
= (2042) 2), 
and hence 
Pet 
= (ay 4 2)= 2), 
Therefore 
Py 


= (20 +2) 


or since in general 


2 
+= Pi(x) + P(x) =0 


we may use the fact that P/(A’;) = — P,(X/) and write 


= — (2742) 


n 


Thus, formula (16) may be written 


97” 


LS 
and hence, with the present hypotheses concerning f(x) we obtain, as in deal- 
ing with (13), the result that p, = — /(2v +2). Consequently the series 
(15) which we know is uniformly convergent for a’ <« <b’ assumes the form 


wv 


from which the uniform convergence of the last series in (14) follows at once 
for the interval a’ <a2<)’. 


SC 
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Introducing into the developments (2) and (3) the function J,(a) instead of 
P(x), recalling that J,(2) = P,(#), and applying our results to the fune- 
tion x” f(x) instead of f(a) we obtain the following 

THEOREM: Each of the series I and II converges, when a’ <x <b’ 
(0 <a’ <b’ <1), to the limit f(x) and each of the series obtained by differ- 
entiating these series term by term converges for the same values of x to the 
limit f’ (x), provided that v> —} and that the function $(x) = x" f(x) 
satisfies the following conditions : 

Condition A: (x) when considered in the interval 0 Sx =1 is finite 
and either continuous or made up of a finite number of continuous portions. 

Condition B: $(x) when considered in the interval 0 <2 <1 possesses 
a continuous derivative $'(x) such that the function |\$'(x)|/x when consid- 
ered in the neighborhood of the point « = 0 is less than a fixed constant. 

‘ondition C: $(x) when considered in the interval a’ = x = b’ possesses 
finite second derivatives from the right and from the left. 

Condition D: $(1)=9. 

Moreover, when —1> v= — } the above theorem holds true if we require 
also that the functions |” f(a)! and |x”-'f’(a)) be integrable in the neighbor- 


hood at the right of the point x = 


UNIVERSITY OF MICHIGAN, 
June, 1902. 
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ON A CERTAIN CONGRUENCE ASSOCIATED WITH A GIVEN 
RULED SURFACE* 


BY 
E. J. WILCZYNSKI 


In a paper ¢ recently published in these Transactions, I have considered a 
certain congruence of straight lines, which was intimately associated with a given 
ruled surface. It is the purpose of the present paper to investigate this con- 
gruence more fully, and to complete some theorems which were there stated in a 
somewhat inadequate form. 

Let the system of differential equations 


(1) + Puy + = 0, 
+ Pn + + + = 0, 


with the independent variable x, be given. Let C, and C_ be the integral 
curves of (1), and let S represent its integrating ruled surface, formed by join- 
ing corresponding points P, and LP. of the two curves. 

Let us construct the hyperboloid osculating the surface S along one of its 
generators g. The generators of this hyperboloid, which belong to the same 
set as g, constitute a single infinity of straight lines. There exists such an 
osculating hyperboloid for every (general) generator of the surface S. We 
obtain, therefore, a congruence I’ of straight lines, in which the surface S is 
contained, and which is uniquely determined by it. 

Put 

p = 2y’ + + 


o = 22’ + PaY + 


Then (Covariants, p. 424), if corresponding points P, and P, of the curves 


C,, and C,, be joined by straight lines, another ruled surface S’ is obtained 

* Presented to the Society (San Francisco) December 20, 1902. Received for publication 
January 2, 1903. 

t Covariants of systems of linear differential equations and applications to the theory of ruled sur- 
faces, Transactions of the American Mathematical Society, vol. 3, no. 4. I shall 
refer to it in this paper as Covariants. My other papers will also be quoted by the initial words 
of their titles. See Covariants, p. 423, footnote. 
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which also belongs to the congruence ['. We shail call S’ the derivative of 
S with respect to the independent variable x. 

The system of differential equations, whose integrating ruled surface is S’ 
and whose integral curves are C,, and C’,, was found to be: 


+ 2( Spy + t,)p + 2( Spy, + + (2dp,, — Su, 

+ ty Pu + + — + + Pn) 
4Jo” + 2( Spy + ty) + 2( Spy + + (2Sp,, — 

+ ty Py + Pn) P + (2A pz, — + ty + beg Pe) = 9, 


(3) 


where the notations are the same as in Covariants, p. 438. 
If instead of x, a new independent variable & be introduced by putting 


E = E (x), 
and if the quantities which are formed from (1) after the transformation be 
denoted by a dash, one finds 


P= 
(4) where n= 


(o+ 72), 


The new variable & may therefore be chosen in such a way as to make the 
surface derived from S any ruled surface of the congruence I, excepting S 
itself together with its osculating hyperboloids. 

According to the equations (20) and (56) in Jnvariants, we find the effect of 
the transformation of the independent variable upon the quantities u,, to be 


given by the equations 


(5) ll (é ’ 12 ( E y 
where (ey 
f 3 ; = — 147° 
(6) — ale — 39 
denotes the Schwarzian derivative. Therefore 
I x} 
(7) 
J= x}? 
since 


I= Uy, + = Uy — thes 
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Moreover, from the definitions of the quantities v,, and w,, [Jnvariants, 


equations (82) and (39)], we find 


1 
len — t 2} —8{E,x}n], 


= [v,, — 4u,.7 ], 
(8) 1 

= plea — 

1 , 

“a= py — + 4 {8 —8{E,xr}n], 
where 


, 
{&, ax} {E, x}, ete. 


Further, we find 


1 , 

= [w,, — 10v,, + 24u,, n° — 8u,,9' + 8{E, —40{E, 

16{&, a}? + 40{€, 

1 , 

Wy. = (Ey! 10v,,9 + 24u,,7? — 8u,.n'], 

(9) 

1 9 , 

= (Ey [w,, — 10v,, + 24u,, — 8u,,7'], 


1 
= [w,. — 10v,,9 + 24u,,? — 8u,,n' + x}” —40{E, x}'n 


— 16{&, x}? + 40{E, 
Now equations (3) show that, if J = 0, the derivative of S with respect to x 
is a developable surface, for then there will be an equation satisfied of the form 


ap’ + Bo’ +yp+dc0=0. 


This conclusion would not be valid, if in addition to J=0, the equations 
a= B=y=6=0 were also satisfied. In that case we should have, besides 
J=0, 


Uy Vig — Up, = 9, Uy, — Vq, = 9, 


Uy F = 0, Uy F = 0. 


| 
| 
| 
| 


188 E. J. WILCZYNSKI: ON A CERTAIN CONGRUENCE [April 


But if 6, + 0, we may assume u,, = = 0, taking as fundamental curves 
C,, C,on S the two (distinct) branches of the flecnode curve.* But since 


Ugg — Uy, = 9, 


12 


either u,, or u,, will also vanish. But we have [ Covariants, equations (33) | 


97’ » 
=P PyP H+ = + 


(10) 
2o Py P Pog F = 


so that in this case also S’ would be developable. 

If however, @,= 0, the flecnode curve has only one branch. Taking it as 
fundamental curve C, we should find u,,=0. But from this condition, 
together with J = 0,= 0, would follow 


so that according to (10) S’ would again be developable. 

In all cases then, if J =9 the derivative of S with respect to x is develop- 
able. One can easily see that if J + 0, S’ is not developable, for in that case 
the planes tangent to S’ at P, and P, intersect the line Z,. joining P, and P, 
in distinct points, as is shown by equations (10). | 

We shall therefore obtain all developable surfaces of the congruence I’, by 
finding the most general transformation = &(x#), which reduces the sem- 
invariant J to zero. For the surface S itself, and its osculating hyperboloids, 
which alone cannot be obtained as derivatives of S, are certainly not develop- 
able. Those isolated osculating hyperboloids, which are developable, are also 
obtained in this way, since for them J=0. But according to (7), the most 
general solution of the differential equation 


(11) +J=0, 


is the most general independent variable for which J=0. To reduce J to 
zero we may therefore take for & the general solution of either of the two equa- 


tions 
(11a) x} 4 9 (11d) vy =- 4 
where 
6, = 


Although each of the equations (lla) and (110) is of the third order we 
obtain in this way only two families of «' developable surfaces, as we should. 
For, as equations (4) show, all values of & which give the same value to 7 belong 


* Since the flecnode curve intersects, in general, every generator of the surface in two points, 
we speak of it as a curve of two branches. 
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to the same developable surface S’. As a matter of fact, equations (11a) and 
(115) may be written 


1 2 
7-29 7-27 = 4 ’ 


and these are of the Riccatr form, so that the anharmonic ratio of any four 
solutions is a constant. 

We have therefore proved the following theorem : 

To every ruled surface S there belongs a congruence T determined by its 
osculating hyperboloids. This congruence contains two families of develop- 
able surfaces, which coincide if, and-only if, 0,= 0, i. e., if, and only if, the 
two branches of’ the flecnode curve of S coincide. To determine any devel- 
opable surface of the congruence, it is necessary and sufficient to find a solu- 
tion of the equation 


2} +J=0, 


and to take this solution & = &(x) as the independent variable of the defining 
system of differential equations. The derivative of S with respect to & will 
then be a developable surface, and all developable surfaces of the congruence 
may be obtained in this way. Moreover any four developables of the same 
Samily intersect all of the asymptotic tangents of S in point rows of the same 
cross-ratio. 

Let us suppose that the variable « has already been so chosen as to make 
J=0. Then the line Z,,, joining P, and P, generates a developable surface 
of the congruence I, and C, and C, are two curves on this surface. Let us 
assume that 0, + 0, and that C, and C, are the two (distinct) branches of the 


flecnode curve on S. Then 
U,, = U,, = 0, Uy, — Un 9, Ugg — Uy = 0, 


so that either w,, or w,,, but not both, will vanish. Suppose that w,, = 0. 


ll 
Then according to (10) 


+ t+ Pye =9, 


i. e., if p,. + 9, P, is a point on the tangent to the curve C’,, described by P,. 
In other words C’, is the cuspidal edge of the developable surface. If p,, 
together with w,,, were zero, C, would be a straight line, and the curve C, would 
degenerate into a point of this line. The developable surface would be a cone. 

If u,, + 9, w,, must vanish, and then C’, is the cuspidal edge of the develop- 
able surface. This ambiguity corresponds to the fact that every line of the con- 
gruence belongs to two of its developable surfaces. 

But if P, and P, describe the flecnode curves on S, P, and P, are points on 
the fleenode tangents. Let us call the ruled surface of two sheets, generated 


| 
| 
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by the fleenode tangents of S, its flecnode surface. Then we have proved the 
theorem: the focal surfaces of the congruence T are the two sheets, F” and 
F’", of the flecnode surface of S. 

For the focal surfaces of a congruence are the loci of the cuspidal edges of 
its developable surfaces. The theorem is true also if 0,= 0, only in that case 
F’ and F” coincide. 

We can also prove this theorem geometrically. Let 9,, 9,, 925 Js, ete., be 
consecutive generators of the ruled surface S. The hyperboloids 7,, #,, ete., 
osculating S along g,, g,, ete., are determined respectively by 9,, 9,, 923 91> 
Jor Jy, ete. The fleenode tangents , along generator g, are the two straight 
lines intersecting g,,9,,9.,9,- The fleenode tangents f), /) of S, along g,, 
intersect 9,. 9+ 943 intersect 9,, 935 95,3 ete. Therefore g, inter- 
sects as well as i. e., four consecutive generators 
of each sheet of the fleenode surface of S. This shows that each of the sheets 
F’ and F’” of the fleenode surface of S, has S itself as one of the sheets of 
its fleenode surface. The congruence [ is made up of the generators of the 
first kind on the hyperboloids H7,, H,, ete. H, and H, intersect along the four 
lines HH, and H, intersect along g,, 9,, ete. Therefore 
a generator of the first kind on 7, can meet a generator of the first kind on 
H, only along one of the lines f; or #7. Moreover, at every point of f; and 
J | two such lines actually do meet. It is clear then, that the cuspidal edges of 
the developable surfaces of the congruence [’ must lie on one or the other of 
the two sheets of the fleenode.surface of S. This completes the synthetic proof 
of our theorem. 

But we have also seen that each sheet of the flecnode surface of S,has S 
itself as one of the sheets of its flecnode surface. 

To prove this analytically as well, we set up the system of differential equa- 
tions for F’’. 

Let us assume 4, + 0, and take as fundamental curves C, and C, on S 
the two branches of the fleenode curve. Then w,,=u,,=0. We may also, 
by multiplying y and z by properly chosen functions of x, make p,, = p,, = 0. 
Under these assumptions eliminate z, z’, 7, 0’ between equations (1), (2) and 
(10). If p,, + 0, we find 


” Vie 
(12) 
"49 1 0 


A similar system of equations may be obtained for z and c. 
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Denote by l1,, the quantities formed from (12) in the same way as are wu, 


from (1). Then we shall find 


= 9, Uy = 442. — 2P In — 
12 


Therefore the curve C’ is fleenode curve on F”’ as well ason S. If the two 
branches of the flecnode curve are distinct on S, they are also distinct on F’' 
and for q,, — does not vanish under our assumptions unless 0, = 9. To 
complete the proof that S is a sheet of the fleenode surface of F’’ we have 
still to show that the fleenode tangents to F”’ constructed, of course, along C, 
are the generators of S. But the fleenode tangent to the surface F’’ at a 
point P, of the flecnode curve, is the line joining it to the point, whose codrdi- 
nates are obtained from system (12) in the same way as the coordinates of P, 
are obtained from system (1). But the coordinates of this point are 


9 
— pa — 2 


Y— Pi2*> 
Pr Pre 


i. e., this point is on the generator of the surface S which passes through P, . 
This completes the proof of our theorem if p,,+0. But if p,,, together 
with w,,, vanishes, /’’ degenerates into a straight line, and any ruled surface 
made up of lines intersecting it may be called its fleenode surface. The theorem 
may therefore be stated as being true in all cases. 

The curve C’, is one branch of the flecnode curve of #’’. The other may be 
found by putting ( Covariants, § 4) 


P=U,y— (Uy, — Uy, )p- 


The fleenode tangents to F’’ along this curve generate the second sheet of the 
flecnode surface of /’’; but this does not in general belong to the congruence 
I'"—never in fact, as we shall see, unless /”’ degenerates into a straight line. 

The fleenode surface /”’ may be of the second order. This is so if, and only if, 


U,, = U,, = U,, — U,, = 0. 


But this requires g,,—9,, to vanish, which condition, together with those 
already fulfilled, gives 


=U, =U, —U = 9, 


12 21 22 


i. e., only if the ruled surface S is of the second order, can a sheet of its flec- 


| 
| 
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node surface be of the second order. Its fleenode surface in that case coincides 
with itself, generated however by the generators of the second set. 
Let us put 


Uy — Ug Vy, = 27X,, ’ Ugg = ’ 
(13) 
whence 
9 9 9 
(14) 2 (Ay Uy Aye) = — Uys 2 Ag, Ave) = — Uns 
2 + Wy Ay» ) 2 (ty. + Noo ) m 


If we denote the coefficients of (3) by P,, and Q,,, so that (3) becomes 


p+ + + + Quo = 0, 


(15) 
+ Pp + + + Q.¢ = 9, 


we shall have 
_ 
£ ik Pu + Ris 


(16) + + Q., = Jn +3 (Ay Py + Por )s 
ms Tis +13 (An + Ais Poo )s Qo. = + t+ Noo Poo) + 


Let us denote by U,, the quantities which are formed from system (15) in 
the same way as are the quantities v,, from (1). Then we shall find 


+ 3(u gy, — — Aros 


(17) TU + (thy, Woy — Ugg Wy, ) — BT 


If we assume w,, = u,, = 0, 0, + 0, the curves C’ and C_ are the flecnode 
curves on S, and the curves C, and C’, on the derived surface S’ are the inter- 
sections of this surface with the flecnode surface of S. It may happen that C, 
is one branch of the flecnode curve of S’. This is so if, and only if, U,,= 0. 
In other words, the derivative of S has a branch of its fleenode curve on the 
fleenode surface of S, if one of the two conditions 


u = U,,=9 or =O 
is satisfied. 

There exist two families of w* non-developable ruled surfaces of the con- 
gruence T each of which has one branch of its flecnode curve on the flecnode 


surface of S. 
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This we shall now proceed to prove. Assuming J+ 0, U,,=0 will bea 
consequence of w,, = 0, if 


(18) 


12 12 


as is shown by (17). The equation u,,=0 is left invariant by an arbitrary 
transformation of the independent variable. If then C, be taken as one 
branch of the flecnode curve on S, the curve C, will be a branch of the flec- 
node curve on S’ provided the independent variable be so chosen as to satisfy 
the equation 

J’ 


Win = 0 


J 
or, making use of (7), (8) and (9), provided 

T+ 2{E, 0) T+ 4{E, 2}? 

which equation is of the second order with respect to 7. This proves our 
assertion, that there exists a family of c* ruled surfaces in the congruence I’, 
each such that one of the branches of its fleenode curve lies on F’’. There is 
another such family connected with the other sheet /’” of the fleenode surface. 
The surfaces of the second family are determined by the equation 


(19) W, + 2v,,9 — 3v,, JS+2{FE, 4{&, a }? -=Q, 


which is obtained from (19) by permuting the indices 1 and 2. 

It may happen that the derivative of S has both of the branches of its flec- 
node curve on the fleenode surface of S, one on each sheet. If this is so 
(assuming @, + 0), we shall have simultaneously 


whence 


But since J is not zero, this gives 
— Wy = 9, 


12 


which together with u,, = u,, = 0, makes 


Trans. Am. Math. Soc. 13 


A= Vi, — Vie = 0. 
9 
Wy Wy Way 
{ 
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But this is the condition under which S belongs to a linear complex (Geome- 
try, p. 8351). The converse is also true, i. e., if A= 0 and @,+ 0,a double 
infinity of surfaces S’ exists, each of which has the property in question. For, 
equations (19) and (19)’ will then be identical, the two (distinct) branches of the 
fleenode curve on S being taken as fundamental curves. 

If however @, vanishes, we may still assume u,,= 0, whence follows in this 
case u,,—U,,= 0. The fleenode surface / of S has only one sheet, and in 
order that both of the branches of the fleenode curve of S’ may be on F’, they 
must coincide. We must then in this case choose the independent variable so 
as to satisfy the simultaneous conditions 


u, = U,=u,—u,= U,— U.=9. 


J = 0. 
The last two give 
[ Wi. + ( Wo — Wi, )] 2 [ Vie + ( Uy» — Uy )] =0, 


whence, substituting the value of J’//J from the preceding equation, we find 


Developable surfaces being excluded, w,, cannot vanish. Therefore 


Vig (104, — — 0, — Vo» ) = 0, 


which, together with w,, = u,, — U.. = 0, makes A vanish. 


Conversely, if 


we can always assume w,, = w,, — v,, = 0, which gives either uw, = 0, i. e., a 


il 
surface of the second order, or ° 


Vy = Wo» ) Wo ( — Cy) = 0. 


If then the independent variable be so chosen as to make 


the equations 


will follow. The following theorem is therefore true, whether @, is zero or not. 


The first two give, as before 
A= 6,=0, 
— = 0 
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If a non-developable ruled surface of the congruence T has both of the 
branches of its flecnode curve on the flecnode surfuce of S, one on each sheet, 
then the surfuce S belongs to a linear complex. There exists in this case a 
double infinity of surfaces of the congruence 1, each of which has the property 
in question. Conversely, if S belongs to a linear complex there exists a 
double infinity of ruled surfaces in the congruence, whose flecnode curves are 
thus situated on the flecnode surface of S. 

In case of a surface of the second order all of these surfaces S’ as well as its 
flecnode surface coincide with ?t, and the theorem, while true, becomes trivial. 

If A does not vanish identically, it will, in general, vanish for particular 
values of x. If the fleenodes on a generator of S, corresponding to a particu- 
lar value of « = a for which A = 0, are distinct, one of two things must take 
place. Either the osculating hyperboloid hyperosculates the surface along that 
generator, or else the two fleenodes corresponding to x = a on the derivative are 
on the fleenode surface of S, one on each sheet. For, if we take u,, = u,, = 0, 
the condition that A vanishes gives either 


Uso == U, = 0 or = Wy, — Uy, = 0, 


forx =a. 

In the first case the osculating hyperboloid hyperosculates the surface ( Geom- 
etry, p. 444). In the second case, any solution of (19) will, for «= a, also 
satisfy (19)’, i. e., for 2 = a the simultaneous conditions 


= U,, =0 


will be satisfied, i. e., P, and P,, two points on the flecnode surface of S, will 
be on the fleenode curve of S’. One sees at once how this is to be extended 
to the case when 0, = 0. 

Equation (19) can be integrated once. Since we have w,, = u,, = 0, we find 
[ Invariants, equations (32) and (39)]; 


12 = — Pr — M2)» — = 2( — Ue)» 
= Wig + (Pu — Poe) M2 — Pin (Cn — 
Divide both members of (19) by v,,. We find 


+ Pa + [J+ 2{E, T+ 4{E, ]=0. 
12 


ll 
Moreover, since u,, = u,, = 9, we have 


T=u,, + u.,,, J = U,, 
ll 22 | 


| 
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Therefore we obtain by integration 


20 | 


where c is a constant. Of course (19)’ may be treated in the same manner. 

We have seen that there exist 7? ruled surfaces of the congruence I’, the 
fleenode curve of each of which has one of its branches upon one of the sheets 
of the flecnode surface of S. The question arises, whether among these there 
exists one (there cannot in general be more than one) whose flecnode surface 
has one of its sheets in common with that of S. 

Let us suppose that /”’ is at the same time a sheet of the fleenode surface of 
S and of S’. Then C, and C, are flecnode curves on S and S’ respectively, 
so that we shall have u,,= U,,=0. But more than that, the flecnode tangent 
to S’ at any point of C, must be a generator of F”, i. e., must pass through 
ad and P.. In other words, the conditions 


U,,=9, 2p° + = ry + up 


must be simultaneously fulfilled, where \ and p are some (as yet unknown) fune- 
tions of x. But we have 
P, = Pi t+ rns 
20° + Py PH = UY 


so that our second condition becomes 


+ ALP + = AY + HP, 
or 
(Ay =(A— )y- 


But, except for singular values of x, P,, P, and P, are not collinear. 


Therefore we must have 


A= A, = 9, 
which last equation, together with u,,=9, gives v,,=0 if J+0. But 
Uj, = U,, = 9 is satisfied by either p,, = 0, in which case F’’ degenerates into a 
straight line, or by 
—Uu,,= 9. 


,2 Must also vanish, we must have also ~,, = 0, which, if p,, + 0, 
gives the additional condition v,, = 0, i. e., S must be a surface of the second 


But since U. 


order. 


— 
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We have proved the following theorem. Jf the surface S is not of the 
second order, and if its flecnode surface has a sheet F' which does not 
degenerate into a straight line, no other ruled surface of the congruence T has 
F’' also as a sheet of its fleenode surface. Or, in other words, the second 
sheet of the flecnode surface of F'' does not belong to the congruence T. 

If F’’ does degenerate into a straight line, every ruled surface of I clearly 
has this straight line as a degenerate sheet of its focal surface. 

We have seen that #’’ may degenerate into a straight line. It is, in general, 
a ruled surface. Can it be a developable surface? If it were developable, 
according to equations (12) or (10), p,, would have to vanish. But the simul- 
taneous conditions p,, = uv,,= 9 would make C, a straight line. Therefore: 
if a sheet of a flecnode surface is developable, it degenerates into a straight 
line. This may also be easily seen geometrically. 

Assuming again w,, = v,, = 0, we find 


— 12 
12 = Pt ( = 9, + 
ow 23 “22 


1 Po 
P, = Py + 2u,, (— V» ) Qu, + U,,)- 


But we can always choose the independent variable so as to make u,, + u,, 
vanish. According to (7) it is only necessary, for this purpose, to take as the 
new independent variable any solution of the equation 


(21) 
which gives the equation 
(22) 2(2n' 


for n. This is of the first order and of the Riccat1 form, so that the anhar- 
monic ratio of any four solutions is constant. Moreover the conditions 
P,, = P,, = prove that C, and C, are asymptotic lines on S’. Moreover if 
Py. and p,, are not both zero in the above equations, i. e., if S is not contained 
in a linear congruence it is not only sufficient, but it is necessary to make w,, + w,, 
vanish so as to have P,, = P,,=90. We have the following theorem: 

If S is a ruled surface with two distinct branches to its flecnode curve and 
not belonging to a linear congruence, there exists just a single infinity of ruled 
surfaces in the congruence T', whose intersections with the two sheets of the flec- 
node surface of S are asymptotic lines upon them. They are the derivatives 
of S when the independent variable is so chosen as to make the seminvariant 
I vanish. Moreover, the point-rows in which any four of these surfaces inter- 
sect the asymptotic tangents of S all have the same anharmonic ratio. 


| 
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In a former paper (Jnvariants, p. 22) we have adopted a canonical form to 
which system (1) can always be reduced, namely that, for which 


+ In= 9. 


We can now say that, if a system (1) is written in its canonical form, its 
integral curves are asymptotic lines on its integrating ruled surface, and its 
derivative with respect to x is cut by the two sheets of the flecnode surface of 
S along asymptotic lines. 

If 0, = 0, since 


4 


J also will vanish for the canonical form, so that in this case the surfaces just 
mentioned will coincide with the (single) family of developable surfaces of 
the congruence. 

If p,, = = 9 together with u,,=u,,= 90, the fleenode curve of S con- 
sists of two straight lines, and every ruled surface of the congruence has the 
property in question. The reduction to the canonical form must therefore have 
a different significance in this case. To find it, let us assume that the curves 
C,, and C, are asymptotic lines on S, but not at the same time flecnode curves, 
i. e., let them be any two asymptotic lines different from the straight line diree- 
trices. Then p,, and p,, will vanish, while w,, and uw, do not. We can, more- 
over, also assume p,, = p,, = 9, so that system (1) has been reduced to the 
semi-canonical form. 

The conditions which are necessary and sufficient to make S belong to a 
linear congruence are, that all of the minors of the second order in A must vanish 
(Geometry, p. 356). ‘Three of these minors are 


— Ugg) — — — — Uy (Vy, — 


Since we have assumed p,, = 0, 


= — Vy, = — = — 16q;,. 


Inserting these values in the above minors of A, and equating them to zero, 


we find that the quotients ¢,,/(9,, — — Yo2) Must be constants. If 
they are, the other minors will also vanish. Let us put 


where « and 0 are constants. Our system (1) now has the form 


+ — G2)? = 9, 
(24) 
+ — + In? = 0. 
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of the derived system from (16), 


If we compute the coefficients P,, and P,, 


we find 


P + P 2921 + In 


12 
But if (24) has the canonical form, we shall have 


Wi + Y= 9, 


which substituted in (23) gives 


= — = In = 264, 


whence 


i. e., C, and C, are asymptotic lines on S’. We have therefore the following 
additional theorem : 

Tf a ruled surface S is contained in a linear congruence, there exists a single 
infinity of ruled surfaces S' in this congruence, whose intersections with the 
developable surfaces made up of the tangents to the asymptotic curves of S, 
are asymptotic lines upon them. The point-rows, in which any four of these 
surfaces S' intersect the tangents to the asymptotic lines of S, all have the 
same cross-ratio. Any one of these surfaces is obtained by taking the deriva- 
tive of S with respect to an independent variable which is so chosen as to make 
the seminvariant I vanish. 

We might say more briefly that, in this case the asymptotic lines of S and 
its derivative correspond to each other. 

In a former paper (Covariants, p. 439) we have investigated a special case 
of this relation between S and S’, namely that in which systems (1) and (15) 
assume the semicanonical form simultaneously. This gives rise to the further 
condition that all of the coefficients in (24) must be constants. We saw then, 
that there are three distinct types of surfaces for which this takes place. Their 
equations may be written respectively 


— 


+ = 0, 


where A and yw are any constants. The last equation represents CAYLEY’s 


| 
| 
| 
P,,= P, =9, 
=0, 
| 
j 
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eubic seroll. The proof of this theorem there given is not quite adequate, 
owing to the fact that in the discussion of the last two cases a form of the 
equations was adopted for which J/= 0. 


But it is easy to complete the demon- 
stration. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, December 15, 1902. 
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ON THE CLASS NUMBER OF THE CLYCLOTOMIC NUMBER FIELD 
JACOB WESTLUND 


Introduction. — The object of the present paper is to investigate the relation 
between the class numbers of the cyclotomic number fields /(e?*”") and 
k(e*"*?"") when p is any odd prime and x = 2. The method is similar to the 
method used by WEBER + for the case p = 2. 

Letm = p",m'= p""', w= $(m)= p""(p—1),4 =G(m’) =p"*(p—1), 
r= entry’ = et?" Denote by A and h’ the class numbers of k(7) and 
k(r’) respectively, and set 

h=h'H. 


We also seth=kh,, h’ =k'hi, k=k'A, h, = B and hence 
H= AB, 


where A, and h; are the class numbers of the real fields k(r + r~') and 
k(r’ respectively. Also let 


E= DE’, 


E and E’ being the regulators of k(r + 7-') and k(r’ + r’~') respectively. 


I. Expressions for A and B. 


If we set 0 = e*"*" and t = g’, mod. m, g being a primitive root of m, we 
have the following expressions for k and h,: t 


1+p"-!(n( p—1)—1] 


(1) TX”, 
2 Tr 2 
* Presented to the Society at the Evanston meeting, September 2-3, 1902. Received for pub- 
lication August 25, 1902. 
t+ WEBER, Lehrbuch der Algebra, 2d ed., vol. 2, pp. 796-818. 
} WEBER, Lehrbuch der Algebra, 2d ed., vol. 2, p. 793. 
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—1+p"-!(n( p—1)—1) 
9 P 4 ll 
(2) p” -'(p—1) 
9 2 =f E 3 


where 


Ti 1, m—1 1 
f(r) = 


Here ¢ runs through a complete residue system with respect to the modulus m 
except multiples of p. In (1), s takes all odd and in (2), all even values less 
than yu except zero. 

If we denote by FY the function XY corresponding to the field k(r’), then we 
have for every s < p’ 


(3) yo, 
For 
where ¢’ runs through a complete residue system, mod. m’, except multiples of p. 
Hence 
=9, if mod. p 
and 
In the last expression X = pd’ and g” = ¢’ mod. m’. From this (3) follows 
directly. 


To obtain expressions for &’ and h/, we replace, in (1) and (2), x by nm — 1 and 
X by ¥Y. Making use of (3) we then get after a few reductions the following 
expressions for the factors A and B : 


yn—2( p—1)°n 
Pp 44 


(4) A= pr-*( p—1)2 p"-*(p—1)? Il 1 ‘5 
2 2 or 4 3 
npr-* ( p—1 
(5) 


In (4), s takes all odd and in (5), all even values less than w except multiples 


of p. 


i 
= 
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II. The factor A. 


1. Simplification of the expression for A. We will now show how the 
expression for A given above may be simplified so as to make it more conveni- 
ent for numerical computation and also prove that A is an integer. 

Consider the function f,(7). Two cases present themselves: \ += 0, mod. p, 
and A = 0, mod. p. 

1°. X+0, mod. p. In this case, observing that 


0° ind (At 


sy _. Aeind? __ 
= 0 ~~ @s ind a ’ 


we get, after replacing AZ by ¢, 


(6) indaA ind ¢ rt 0", r), 


where y, = ind 2d. 
2°. %X=0, mod. p. In this case set X = pr, and we have 


Let a be the greatest common divisor of s and p—1, and set p—1= ab. 
Then the exponents in (7) fall into « groups which are congruent to each other 
mod. , the elements of each group being incongruent mod. ~. Hence 


where 
y=1,1+4a,1+4 


But the 4/a terms under the summation sign are the roots of the equation 


—1=0, 
and hence 


(8) 


Making use of (6) and (8), which hold for both even and odd values of s, we 
get 


(9) XP (6. 7) (6); 
if we set 
(10) = 


where y = indA and A= 1, 2, ---, m — 1 except multiples of p. 


| 

| 

| 
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The function ¢( 6) may however be simplified. Since 


(m ind (m—A) __ (m ind A 
we ge 


(11) =O (2.—m) on, 


where A= 1,2, ---,(m—1)/2 except multiples of p. For A we then obtain, 
observing that 
the following expression 
II¢(@) 


p—1)2 pn-2( p—1)2n 1 


9 2 Pp 2 


(12) A = 


where s takes all odd values less than pu. 


2. Proof that A is an integer. It is evident that ¢(6') is an algebraic 
integer in the field /(@). Now we have 


1, 


ll uw 
But since 
mod. m, 
we have 
r = 


and hence 


or 
(1—6')6(6") =2 6°) 4 m|. 
But 
Wa-#) 


= — 
) 


where 6’ = @, and ¢ and ¢’ take all odd values less than u and yp’ respectively. 
Hence, the quantities 6‘ and 6”, being the roots of the equations, 


41=—0 and 41=0 


* WEBER, Lehrbuch der Algebra, 2d ed., vol. 2, p. 71. 


j 

| 
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respectively, it follows that 


-4)=1. 


Hence we see that II ¢(@*) is divisible by 2”°\?-»**, 
To prove that II ¢( 6) is divisible by p we have 


But 
gr, =r mod. m; 


i 


hence 


(g = 
where y( 6") is an algebraic integer, and therefore 


But 


t’ 


where ¢ and ¢’ take all odd values less than » and yp’ respectively. Hence, 


reasoning as above, we find 
)= ge? +1 


or, since g*’* = —1, mod. m’, 


Il (g — =p, mod. m. 


We thus see that II(g— 0) is divisible by p and by no higher power 
of p. Therefore II ¢(@*) is divisible by p?™*’-™"?-' and hence A is an 
integer. 

If we now denote by A, the factor A corresponding te m= p", we get the 
following expression for the first factor & of the class number of k(7r): 


(1) kum k, A, A, 


where &, is the first factor of the class number of £(e**"”). 


a 
(p—2) 
=g* +---+1, 
8 
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Ill. The factor B. 


1. Simplification of the expression for B. Making use of (6) and (8), X{? 
may be written 


(14) 


m 


. AT 
m 


where y = ind A and A= 1, 2, ---, m — 1 except multiples of p. But since 


(m Ar 


ind (m—A) log sin O-sinda log sin 


we obtain 


‘ 2(0°, 7) Ar 
(8) > 
(15) > log sin 
for A= 1, 2, ---, (m—1)/2 except multiples of p. From this we get after a 


few reductions the following expression for B: 
(16) BD={|[¥(%), 


where s takes all even values, less than uw, not divisible by p and 


(17) (0) = > é-" log sin (i= ind 7; ). 


m 


We will now show how the product II y( 6") can be expressed in the form 
of a determinant. We have 


AT 
2 m wr 
i m 7 
sin 
(18) m 
—1 0,—-—1 


I 
A 
I 
° 
~ 


where J, = log r, and 


sin 
n pri 
sin 


or, if we set 6° = @,, then, since s is even, 0>“? = 1 and 


0, 


(19) 


4 
i t 
m 
i 
' 


bo 
-1 
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Now consider the system of equations: 


l, 


| 


from which we get, by eliminating the powers of 6,, 


(21) 


This equation is of degree 4/2 and its roots are the quantities (6) for 
s=0,2,4,---~—2. The product of these roots is then expressed by the 
following determinant whose absolute value we denote by 7): 


(22) Ty (6) =+ + 
l 


In a similar manner, making use of the fact that in this case 67*’? = 1, we 
obtain II, V(@*)where s runs through the even multiples of », from the follow- 
ing system of equations: 


(23) (8 )=Ly + + 


(; "7 ¥(4,) L, + (7-4), 
where 


Then as above IT y¥( 6°) is expressed by the following determinant whose absolute 
value we denote by 7}: 
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L, L, Ly, 
(25) Ty 4°: 
Hence from (22) and (25) we get 
T, 
26 
(26) 
From (24) it is seen that 7, may be written 
L, Ly 
Ly: L, 
L, Ly 
= T, = 
Introducing the set of units 
2 T 
sin 


with 7; = log r;, and making use of the fact that 7; = /,,.,. —J;, we get 


where 

l l’ 

I, 

T,= = 

l 

p-1) p-l (p—1)% —2 


and therefore 


BD=T.. 


[April 


| 

| 
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2. Normal Units. In order to investigate the character of )), we have to 


consider the normal * units of k(r7 + r~'). By a normal unit in /(7 + 7~') we 
understand a unit e(7), different from + 1, which satisfies 


(29) = +1, 


where p = e*"'” = r’"", This means that the relative norm of €(7) in &( 7 + 
with respect to k(r’ + 7’~'), is +1. 

It is evident that no unit in k(r’ + r’~'), which is also a unit in + 
‘an be a normal unit. The units 7;, considered above, are normal units. For 


~ 


(7) (pr), 


where 

and, since (— 1)" A, runs through a complete residue system with respect to 
the modulus p when a= 0,1,---,» — 1, it follows that 
0, p- 


1 


A system of v = (p— 1)’ /2 normal units €,(7), €,(7”),---, €,_,(”) is said to 
be an independent system of normal units if 


log|€,(7)| log |e,_,(”)| 
log | €, ( )| log | ( ) 


and the absolute value of the determinant is called the regulator of the system 
The units 7,,---, 7,_, form such an independent system 
of normal units; for its regulator, being the determinant 7’, is evidently differ- 
ent from zero. 

Now let ¢€,, €,, ---, €,_; be an independent system of normal units and let 


L, = log Then, if be any normal unit and LZ; = log | e'( 7 ) 
we can determine &,, &,, ---, &_, from the system of equations 
(31) («=0,1,---,»—1). 


That this equation also holds for any value of « follows immediately from (29) 
and (30). By applying the same reasoning as for independent systems of units 


* WEBER, Lehrbuch der Algebra, 2d ed., vol. 2, p. 806. 
Trans. Am. Math. Soc. 14 


a 
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in any algebraic number field * we can prove that &,, ---, &, are rational, and 


hence that there exists an independent system of normal units whose regulator 
is the least possible. Such a system we call a fundamental system of normal 
units, and any normal unit can be written in the form 


my 


where €,, €,, ---, €,_, are a fundamental system and m,, m,,---m,_, are inte- 
gers. ‘The regulator of a fundamental normal system is, therefore, a divisor of 
the regulator of any (independent) system of normal units. 


3. Study of D. Let e,, €,, ---, €,,_, be a fundamental system of units in 
Ap 


and regulator 


k(r with the conjugate logarithms A, 


and let €,, ---, €,,,_, be a fundamental system of units in k(r’ + 


with the conjugate logarithms and regulator Also 


« 


let @,, @,,---,@,_, be a fundamental system of normal units in + 7~') 


with the conjugate logarithms LZ, ., Z, £,_,, and regulator 7,. Then 
the units 


(32) 
form an independent system of units in /(7 4+ 77'). For since 


and 


| + L, 


we get for the regulator 7? of the system (32), 


(33) R T,, 
which shows that 2 + 0 and hence that (32) form an independent system of 
units. 

We can then determine rational numbers m, , and WV, , such that 


(34) Pri, mm, + + M121, l,« + M,, i Ly, + M,_,,; L, 1 


We now wish to prove that m, , and /, , are integers. From (34) we get 


and, since 


* WEBER, Lehrbuch der Algebra, 2d ed , vol. 2, § 191. 


af 
q 
‘iy ¢ 0,---,5—2; | 
} 
| 
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isa unit ink(r’ ), it follows that m, ,, ---, are integers. 

We also obtain from (34) 

ai P—l)m’ 

is a normal unit, it follows that M, ,, ---, 1/,_, ,; are integers. 


From (34) 
(35) E=p ?'RM, 


where JM is the determinant of the coefficients m, 


_ and M, , and hence an inte- 
ger. Foamule (33) and (35) then give 


(36) 


We now propose to investigate the character of M. To do this let 


/ 
=-1,€ =—l,« Ay ms 9 


7, are integers. Denoting by NV the determinant of the coef- 
ficients n, . and N, ,, we get 


where », , and A 


R= EN 


and hence 


(37) MN=p? 


i. e., Mf and N are both powers of p. To determine the power of p by which 
M is divisible, we determine a system of integers «,, «,, - 


, Without 
common divisor satisfying the system of equations 


/ 
Let 


+ +--+ +4,» 1M, = (t=0,1,---,v—1), 
and we have 


from which 
1,5—1 


i 


1,=—1 


J. WESTLUND: ON THE CYCLOTOMIC NUMBER FIELD 


Hence we infer that €'",*;' is a normal unit and that &,, &,---, &,_, are 
integers divisible by p. It is then very easy to show, by applying the same 
reasoning as in the case p = 2,* that JW is divisible by p'’~?’*. Hence if we 
set 

M=p 
we obtain from (36) 
(39) D= 


From (28) we then have 


7’,/ T, is an integer, 7) being the regulator of a fundamental system of 


where 
normal units. 
If we now denote by &, the factor B corresponding to m = p”, we get the 


following expression for the second factor of the class number of k(7): 
41) h, B.B,.--B. 


where is the class number of /: + e777!” ), 

Comparing our results with those obtained by WEBER for » = 2, we notice 
that, for all values of », A is an integer and B = p~? T,/7,, where 7,/ 7, is an 
integer. For p = 2, WEBER proves that ¢ = 0 and that both A and r ./ T, and 
hence B are odd numbers. When p is an odd prime, the question aheten A 
and 7/7, are divisible by p or not, and what the value of o is, remains unset- 
tled. The writer, however, hopes to be able to come back to this question in a 
following paper. 

PURDUE UNIVERSITY, 
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